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Part I: Outline

- Basics of quantum computing/mechanics

- Motivations to topological quantum computing (TQC) and what it is

- Anyons and topological phases of matter from lattice models



Axiomatic Formulation of Quantum Mechanics

* Quantum states

- A quantum system is associated with a state/Hilbert space ( # , ( -

- At each time t, the system is described by a state |y (7)) € #', whic
a unit vector, defined up to scalar multiplication
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Axiomatic Formulation of Quantum Mechanics

* Quantum states

- A quantum system is associated with a state/Hilbert space ( # , ( -

- At each time t, the system is described by a state |y (7)) € #', whic
a unit vector, defined up to scalar multiplication

Example: an electron (only consider its spin degrees)
State space: C?
‘spin up’ state: |0) ‘
‘spin down’ state: | 1) 0y 1)
A state at superposition: (|0) — | 1))/\/5

A general state: a|0) + #| 1)

)
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* Time evolution

- The state obeys the Schrodinger Equation:

0 o
ZEIW)) = H|y(0)
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H : Hamiltonian; Hermitian operator acting on #



* Time evolution

- The state obeys the Schrodinger Equation:

0 _A
lgll/f(ﬂ) = H|y(0)

Va\

H : Hamiltonian; Hermitian operator acting on #

Exercise: if H is constant, then (1)) = exp(—itﬁ) |y (0))
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* Time evolution

- The state obeys the Schrodinger Equation:

0 _A
ZEIW)) = H|y(0)

Va\

H : Hamiltonian; Hermitian operator acting on #

Exercise: if H is constant, then (1)) = exp(—itﬁ) |y (0))

N

unitary operator

. Equivalently, there exists unitary operators U(¢), such that

lw(1)) = U@) |w(0))



* Measurement

* A measurable quantity (e.g. spin, momentum, position) corresponds
to a Hermitian operator Q acting on #

A : eigenvalue of Q

P, : orthogonal projection onto the A-eigenspace

0= AP,
A
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to a Hermitian operator Q acting on #
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. If a system is at state |y), then measuring Q changes the state to
P, | w) with probability (w | P, | w)



* Measurement

* A measurable quantity (e.g. spin, momentum, position) corresponds
to a Hermitian operator Q acting on #

A : eigenvalue of Q

P, : orthogonal projection onto the A-eigenspace
A
. If a system is at state |y), then measuring Q changes the state to
P, | w) with probability (w | P, | w)
Example: electron spin C* = span{ |0), | 1)}
A 1 0 2
Q:< ) 10}, Prob=|a|

0 —1
1Y) = al0) + §|1)
010 = |0) T 1), Prob= |32

Q|1)=—]1)



* Composite system

If two systems have state spaces # |, # ,, then their joint system has
state space # | @ # ».
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* Composite system

If two systems have state spaces # |, # ,, then their joint system has
state space # | @ # ».

Example: 2-electron spins C? ® C?

10) ® | 1) (1)@ 1)+ 1) ®0))/\/2 # |y) ® )

product state entangled state

* |dentical particles

For N identical particles with state space #,,, = #Z ® :-- ® #, where #
is the single-particle space. The permutation group Sy acts on #,;:

Tilw) @ [y [y ® lw) = ) @ - [yp) - [yp)-- & |y,



* Composite system

If two systems have state spaces # |, # ,, then their joint system has
state space # | @ # ».

Example: 2-electron spins C? ® C?

10) ® | 1) (1)@ 1)+ 1) ®0))/\/2 # |y) ® )

product state entangled state

* |dentical particles

For N identical particles with state space #,,, = #Z ® :-- ® #, where #
is the single-particle space. The permutation group Sy acts on #,;:

Tilw) @ [y [y ® lw) = ) @ - [yp) - [yp)-- & |y,

A multi-particle state is

either symmetric, i.e. 7;;|w) = |w), Vi, j —> bosons

or anti-symmetric, i.e. 7;|w) = — |y),Vi,j = fermions
/



Origin of Quantum Computing

Early days: ‘80 - '90

Feynman Manin

0 -
iho [U(z,t)) = Hip(z,t))

Quantum Mechanics



Origin of Quantum Computing

Early days: ‘80 - '90

Ji |

Feynman Deutsch

RSA-260

5394413748319128822941402001986512729726569746599085
9003300314000511707422045608592763579537571859542988

: 389587092292384910067030341246205457845664 1366454068

Quantum Mechanics 4214361293017694020846391065875914794251435144458199

Zﬁ% | Qp ( x, t) > — ]:_[ | w ( X, t) > 2211282552952966643528108525502623092761208950247001

= ( ? ) x (7 )



Classical computation

* Bit: {0, 1}

State/bit string: 0011010101111
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State/bit string:

* Logic gates:

Q=AB
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Classical computation

* Bit: {0, 1}
State/bit string: 0011010101111

* Logic gates:

Q=AB Q =ADBODAB Q=1DA

Process of computing:

D>
D )

https://www.computerscience.gcse.guru/theory/logic-circuits




Quantum computation

* Qubit: 2-dim state space C? with an orthonormal basis {|0), | 1)}

Multiple qubits: C?> ® --- ® C?

Quantum states, e.g.

0) 1) 0)®[)®---®|0)=1]01---0)
1 3 1 1
510) + =-11) ﬂ\01>+ ﬁ!10>
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Quantum computation

* Qubit: 2-dim state space C? with an orthonormal basis {|0), | 1)}

Multiple qubits: C?> ® --- ® C?

Quantum states, e.g.

0) 1) 0)®[)®---®|0)=1]01---0)
1 V3 1 1
510) + =-11) ﬂ\01>+ ﬁ!10>

* Quantum gates: unitary transformationson C? ® --- @ C?

. 2 2 2 2
X:<o 1) o L (1 1> CNOT: C*@C* - C"®C

1 0 2\ -1

) — )
] _ ] _ . CNOT L.
X 4] J) — — |i )

10



* Measurement: a way to “see” quantum states.

0), Prob= |/’

¥) = a|0) + B[1)
|1>7 Prob= ‘5|2

11



* Measurement: a way to “see” quantum states.

0), Prob= |a|?
) = al0) + 5]1)
|1>7 Prob= ‘6|2
Process of quantum computing:
10) Uop M ) ?
Us
1) Uy
Uy
12) Us
Us
13) Us

preparation gates measurement

11



Example: Deutsch—Jozsa algorithm

Given a blackbox implementing a function f : {0,1}" — {0,1},

f_

It's assured f'is either constant, or balanced, i.e. |f~'(0)| = |~ 1(1)].

How many times in the worst case to call the blackbox to determine the
type of f ?

12
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Example: Deutsch—Jozsa algorithm

Given a blackbox implementing a function f : {0,1}" — {0,1},

f_

It's assured f'is either constant, or balanced, i.e. |f~'(0)| = |~ 1(1)].

How many times in the worst case to call the blackbox to determine the
type of f ?

. Classically: 271 + 1

- Quantum: ?

Considern = 1. Let Uflx,y) =|x,u @f(x»,

S

12
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| <1 1> 0) < (]0)+|1)/4/2
H=="721 =1 H
V2 1y & qoy-11)n/2
10) —H [/ H @Z outcome?
fi
) —H] N
v e )
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1
1

[0) —

1
—1

1) —

A

1)/4/2
1)/1/2

) 0y & (10)+
H
1) & (]0)—
Uf H @: outcome?
v 1)

v

lyr) = (10, f(0)) =10, 1@ £(0)) + |1, A(D)) =1, 1 ®f(1)))/2
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1)/4/2
1)/1/2

| (1 1> 0) < (|0)+
H=—= 1 —1 H
V2 & (o) -
10) —H [/ H @Z outcome?
i
) —H I
v e )

lyr) = (10, f(0)) =10, 1@ £(0)) + |1, A(D)) =1, 1 ®f(1)))/2

= (=1D/10) ® (10) = [1)/2 + (=1Y'V[1) ® (10) = [ 1))/2
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1)/4/2
1)/1/2

| (1 1> 0) < (|0)+
H=—= 1 —1 H
V2 & (o) -
10) —H [/ H @Z outcome?
i
) —H I
v e )

lyr) = (10, f(0)) =10, 1@ £(0)) + |1, A(D)) =1, 1 ®f(1)))/2

= (=1D/10) ® (10) = [1)/2 + (=1Y'V[1) ® (10) = [ 1))/2

0 — 1)) 0) =11
[0)+ (=D D o 10 =11

V2 V2

= (= 1)/©
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1)/4/2
1)/1/2

1 <1 1) 0) & (|0)+
H=—= 1 —1 H
V2 & (o) -
10) —H [/ H @Z outcome?
i
) —H] N
v e )

lyr) = (10, f(0)) =10, 1@ £(0)) + |1, A(D)) =1, 1 ®f(1)))/2

= (=1D/10) ® (10) = [1)/2 + (=1Y'V[1) ® (10) = [ 1))/2

lys) = <

10 +DTO 10) - 1)

= (=1)¢
V2 V2
r 10) ® (]0Y — | 1))/4/2 fconstant outcome = 0 — fconstant
1) ®(10) = [1))/4/2  fbalanced outcome =1 =— fbalanced

13



Part I: Outline

- Basics of quantum computing/mechanics

- Motivations to topological quantum computing (TQC) and what it is

- Anyons and topological phases of matter from lattice models
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Qubits: abstraction of quantum systems, e.g. spin
¢ ’ 9" ¢ -0 ¢
0) 1)

multi-qubit state
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Qubits: abstraction of quantum systems, e.g. spin

multi-qubit state
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imperfections environment interaction

15



Qubits: abstraction of quantum systems, e.g. spin
¢ ’ 9" ¢ -0 ¢
1)

0) multi-qubit state

120;,3 120.1‘;/,3 .—>f W Q]Q“. J

imperfections environment interaction

* ‘Software’ approach: quantum error correction

adiis P90 = 990 = o9

0)z

More sophlstlcated error correction schemes exist!
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Qubits: abstraction of quantum systems, e.g. spin
¢ ’ 9" ¢ -0 ¢
0) 1)

multi-qubit state

120;,3 120.1‘;/,3 ._>f W Q]Q“. J

imperfections environment interaction

* ‘Software’ approach: quantum error correction

adiis P90 = 990 = o9

0) L

More sophisticated error correction schemes exist!

* ‘Hardware’ approach: topological qguantum computation (TQC)

15




Topological idea:

Encode information in global properties of a quantum system, so that no
small local perturbation can easily change the encoded state
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length, curvature, etc knot-type
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Topological idea:

Encode information in global properties of a quantum system, so that no
small local perturbation can easily change the encoded state

Analogy:
local properties: global property:
length, curvature, etc knot-type

- Store quantum information in global/topological sectors;

- Perform computation by changing the global/topological configuration in
controlled ways;

A class of quantum systems with the above properties are called
topological phases of matter

16



Topological phases of matter in 2D

By
R Electrons constrained in a plane
L ''''' with a strong magnetic field,
L at very low temperature.
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Topological phases of matter in 2D

B 5

Electrons constrained in a plane
with a strong magnetic field,
at very low temperature.

guasi-particles/anyons

Quasi-particles: collective behavior of the underlying particles.
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Topological phases of matter in 2D

B 5

Electrons constrained in a plane
with a strong magnetic field,
at very low temperature.

guasi-particles/anyons

Quasi-particles: collective behavior of the underlying particles.

ney can only be created and annihilated in pairs.

ne total type of two separated quasi-particles cannot be inferred locally.

ne state space of quasi-particles depends on their types and
background topology.

Moving the quasi-particles induce robust transformation on state spaces.

17



* Qubit: global degrees of freedom of multiple-anyon space

e.g. the fusion channel

- The space is inaccessible by local small perturbations.
- There is a gap with the rest of the spectrum.

18



* Qubit: global degrees of freedom of multiple-anyon space

e.g. the fusion channel

- The space is inaccessible by local small perturbations.
- There is a gap with the rest of the spectrum.

* Quantum gates: braiding/swap of anyons

Braiding induces unitary transformation;

- The transformation depends only on the isotopy class of trajectories.
18



* Measurement: anyon fusion

19
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* Measurement: anyon fusion

7N

Qe
Ce

Process of topological quantum computing

vacuuln
A
fusion m m
Ultbo)
A
/S
7
N
braiding \\ A. \_(u. Kitaev, Fault-tolerant quantum computation by anyons,
arXiv:quant-ph/9707021,
N M.H. Freedman, P/NP, and the quantum field computer, Proc.
. Natl. Acad. Sci. 95 (1) 98-101,
|%0) \ i ® M.H. Freedman, A. Yu. Kitaev, M.J. Larsen, Z. Wang,
creation () \_/ "4 Topological Quantum Computation, arXiv:quant-ph/0101025,
vacuuln
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- Basics of quantum computing/mechanics

- Motivations to topological quantum computing (TQC) and what it is

- Anyons and topological phases of matter from lattice models
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Toric code model

Choose a closed surface 2 and a cellullation/lattice with (V, E, F)
V LN\
g

vertices edges faces
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Toric code model

Choose a closed surface 2 and a cellullation/lattice with (V, E, F)
V LN\
g

vertices edges faces

Assign a qubit C?={|0),|1)} on each edge
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Toric code model

Choose a closed surface 2 and a cellullation/lattice with (V, E, F)
V LN\
g

vertices edges faces

Assign a qubit C?={|0),|1)} on each edge

Total Hilbert/state space 7 = RecE (Cz)e

A standard basis of # consists of

|s) = Q®, g |s(e)), foreachs: E - Z,=1{0,1} r

21
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X=X",z7z=27" X2 =727

0 1 1 0

The eigenvalues of Xand Zare x1

Remark: if O acts on C?, e € E, then O, acts on the copy (Cz)e .
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X=X",z7z=27" X2 =727

0 1 1 0
X—(l o) Z—(O _1) XZ=-7X

The eigenvalues of Xand Zare x1

Remark: if O acts on C?, e € E, then O, acts on the copy (Cz)e .

Forv € V, p € F, define operators:

A= x Q1L B,=x)z XL

e.vEoe e:vE&oe e.ecop e.e&op

A, B,
N /

NS

V\

N

N
e
N
N

N = N

22



() -G

Remark: if O acts on C?, e € E, then O, acts on the copy (Cz)e .

Forv € V, p € F, define operators:

A= x Q1L

0
—1

e:vEde e:vé&de

/

V\

NS

N

N
e
N
N

N = N

By

X=X'72=27" X?=72=]
X/ =—-7X
The eigenvalues of Xand Zare x1

B,=x)z XL

e.ecop e.e&op

. A,=A], B,=B]
. Ay=By=1
. {A,,B, | v € V,p € F} pairwise commute

22



X=X",z7z=27" X2 =727

0 1 1 0
X—(l o) Z—(O _1) XZ=-7X

The eigenvalues of Xand Zare x1

Remark: if O acts on C?, e € E, then O, acts on the copy (Cz)e .

Forv € V, p € F, define operators:

A= x Q1L B,=x)z XL

e.vEoe e:vE&oe e.ecop e.e&op

A, B AT — pt
N VL . A=A, Bp—Bp

\) / . Al=B;=1

. {A,,B, | v € V,p € F} pairwise commute

V\

N

N
e
N
N

N = N

Define the Hamiltonian H =- > A, — > B,
veV peF

22



* The ground state space

l.e. the eigenspace of H with lowest eigenvalue

Vgs = ) € H Avlp) = Bplp) = [4h), Yo e V,p € Fj
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* The ground state space

l.e. the eigenspace of H with lowest eigenvalue

Vgs = ) € H Avlp) = Bplp) = [4h), Yo e V,p € Fj

X[0)=|1) Z10) =10)

X|1) = |0) Z|1)=—11)
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* The ground state space

l.e. the eigenspace of H with lowest eigenvalue

Vgs = ) € H Avlp) = Bplp) = [4h), Yo e V,p € Fj

X|0) =

X|[1) =

y
0)

Z10) = 10)
Z|1)=—11)

- B, is diagonal under the standard basis. Fors : £ — Z,

A,

/

N\

N = N

By

B,|s)=1s)

23

= ) s(e)=0€2,

ecop



Consider V, E, I as 0-, 1-, 2-cells. Co-chain complex:

5V 51
C'={g:V->27Z,) »Cl={s:E> Z,) vC2={f: F > Z,)

Fors € C!, B)|s)=|s),VpeEF << 6&()=0

24



Consider V, E, I as 0-, 1-, 2-cells. Co-chain complex:
C'={g: V- Z5}
Fors € C/,

. A, permutes elements of ker 5.

Forve V,ietg,: V> 2Z,,g,u)=9,,.

A,

50

B,|s)=1|s),VpEF <=

/

N\

V\

\‘>(>

/

>

N = N

N\

By

»Cl={s:E—> Z,)

5°(g,)

@)

@)

_*

_L<_L

_*

)

)

24

5(s) =0

Als)=1s

vC2={f: F > Z,)

5%g,))



- The dimension of V.

Define s ~ s'if s — s’ € im &Y, and denote by [s] the equivalence class.
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- The dimension of V, .

Define s ~ s'if s — s’ € im 8°, and denote by [s] the equivalence class.

= The action of the A, ’s permutes elements within each [s].

_Let [[s]) == ) |s). Then A, |[s]) = |[s]), Vv.

s'E|s]

Conclusion: dim V, equals the size of H'(Z;Z,) := ker5'/im 8,
independent of the lattice.

25



*Excited states:
eigenstates of H besides ground states

N
e
N
N

N <= N
N
N
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*Excited states:
eigenstates of H besides ground states

./
<t

N
RS
N
N

N <= N
N
N
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*Excited states:
eigenstates of H besides ground states

For a string L of the lattice,

ZL = ®e€L Ze

- Z; commutes with all B, and all A, except at the ends v, v; of L.

- Zp anti-commutes with A, , A,

A, B,

\\)

V\‘

N
e
N
N

N <= N
N
N
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*Excited states:
eigenstates of H besides ground states

For a string L of the lattice,

ZL = ®e€L Ze

- Z; commutes with all B, and all A, except at the ends v, v; of L.
- Zp anti-commutes with A, , A,

For [Q) € V., let |L) :=7,|Q), =
Ao By AV|L> — |L>9 Vv # Vo, V1

AN
\X
A% AV AV1|L>=_|L>, i=(),1

X O X

B,[L)=|L), Vp

2

,\
N
N
N <= N
N
N

20




| L) is excited state with eigenvalue/
energy 4 more than that of the ground
states;

It represents a pair of quasi-particles at
Vo, V1-

27

N\

N < N




| L) is excited state with eigenvalue/ =<
energy 4 more than that of the ground .
tates; .. X
S ) \ \
It represents a pair of quasi-particles at
L\
VO’ Vl' \\ quasi_
particle
A,U\ y B,

N\

Ay
RS
N
N

N < N

27



| L) is excited state with eigenvalue/ =<

energy 4 more than that of the ground T o

states; - 3\ X

It represents a pair of quasi-particles at

—_ AN
VO, Vl. P Y T B quasi-
particle
Similarly, if T is a string in the dual lattice,
XT = ®e*ET Xe
A B
v\ / p

X, | Q) is an excited state representing a \X /
pair of quasi-particles at the ends of T. XX /

Ay
RS
N
N

N < N

27



Braiding:

Q) €V,

28




Braiding:

Q) €V,

Z
X
/
. _—
quasi- __

particle
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Braiding:

Q) €V,

quasi-
particle
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Braiding:

Q) €V,

quasi-
particle

- Quasi-particles can move without cause energy.
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Braiding:

QyeV
|Q) €V, z
’¢>zn — XT ZL |Q>
X
quasi-
particle

n*i

- Quasi-particles can move without cause energy.
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Braiding:

Q) €V,

’¢>zn — XT ZL ‘Q>

V) pi = ZrRXTZLISY)

— _XTZRZL‘Q> quasi-
— X7 Z1.7p ‘ Q> particle

— X Z.|Q)

n*i

- Quasi-particles can move without cause energy.
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Braiding:

QyeV
|Q) €V, z
’¢>zn — XT ZL |Q>
X
V) pi = ZrRX1Z1L|Q)
— _XTZRZLKD quasi-
— X7 Z1.7p ‘ Q> particle
= X7 Z.|0)

n*i

- Quasi-particles can move without cause energy.

- Braiding induces change of states invariant under isotopy.
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Fusion:
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Fusion:

29



Fusion:
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Fusion:

- Two ® fuse to vacuum:;

- Two ® fuse to vacuum:;

N\

L4 . N

. e and o fuseto .o/ .
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Fusion:

- Two ® fuse to vacuum:

- Two ® fuse to vacuum:;

N\

L4 . N

. e and e fuseto ‘o .
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Kitaev quantum double model generalizing toric code

Fix a finite group G = {g, 2>, ***, &4} ClGl =span{|g), |8, .18}

Total Hilbert/state space #Z = Q.. (C[G]), \\

A standard basis of # consists of
|5) = Q,cp|s(e)), foreachs : E - G
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Kitaev quantum double model generalizing toric code

Fix a finite group G = {g, 2>, ***, &4} ClGl =span{|g), |8, .18}

Total Hilbert/state space #Z = Q.. (C[G]), \\

A standard basis of # consists of
|5) = Q,cp|s(e)), foreachs : E - G

Define the Hamiltonian H =- > A, — > B,

veV peF
84 884
81 83 1 881 883
A, BB oy By
) g€G 28>
84

84
BP 81 P |8 =g, id 81 83

82

82
30



The types of quasi-particle excitations are characterized by (G, )
C :aconjugacyclassin G

X :anirreducible representation of the centralizer of an elementin C

Irreducible representations of the quantum double of G
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The types of quasi-particle excitations are characterized by (G, )
C :aconjugacyclassin G

X :anirreducible representation of the centralizer of an elementin C

Irreducible representations of the quantum double of G

Example: permutation group $; = {(1), (12), (23), (13), (123), (132)}
C centralizer X quasi-particle
-+ A
{(1)} 53 [—] B
2] C
1 D
((12),(23),(13)} | 2/2 [[_]1] D
1] E
[(123), (132)} 7/37 | [ws] G
|ws] H

Eight quasi-particle types
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Fusion of quasi-particles

® | A| B C D E F G H

A| A | B C D E F G H

B| B | A C E D F G H

CcC|C|C|AeBaC DoE Do FE GDOH FoH FoeG
ACOF | BeCah F

D\|D|FE Do FE oG @ H oG @ H Do FE Do FE Do FE
BCohoF | ACHF

E|E | D Do FE oG @ H oG @ H Do FE Do FE D®FE

F | F | F GDOH DoE DoFE AP B F HoeC GopC

G |G| G F®H Do FE DoFE HeCl AP B G Fedl

H|H|H Fod Do FE Do FE GoC Fod AP B H
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Fusion of quasi-particles

® | A]| B C D E F G H

Al A| B C D E F G H

B| B| A C E D F G H

clc|Ccl|AeBaeC| DoE DOE GoH FoH FoG
ACOHF | BECF

D | D | FE Do FE oG @ H oG @ H Do FE Do FE Do FE
BeoCpopF | ApChF

E |\ E | D DoFE oG @ H oG @ H DO FE DoFE DoFE

F | F | F GeH Do FE Do FE AP BPF HoeC GopC

G|G|G| FeH DOE D@ E HeC |A®BaG| FocC

H|H|H| FoG DOE DOE GaC FeC |A®@BoH

The fusion of two quasi-particles is a superposition of types;
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Fusion of quasi-particles

- -

| A| B C D E F G H

Al A| B C D E F G H

B| B| A C E D F G H

clc|Ccl|AeBaeC| DoE DOE GoH FoH FoG
APCHF | BOChF

D | D | FE Do FE oG @ H oG @ H Do FE Do FE Do FE
BeoCpopF | ApChF

E |\ E | D DoFE oG @ H oG @ H DO FE DoFE DoFE

F | F | F GeH Do FE Do FE AP BPF HoeC GopC

G|G|G| FeH DOE D@ E HeC |A®BaG| FocC

H|H|H| FodG DOE DOE GaC FeC |A®@BoH

ne fusion of two quasi-particles is a superposition of types;

ne state space of quasi-particles is degenerate even in the plane;

GSD > 1
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Fusion of quasi-particles

| A| B C D E F G H

Al A | B C D E F G H

B| B| A C E D F G H

cl|c|Ccl|AeBaC| D@E DOE GoH FoH FoG
ADCOHF | BChF

D | D | FE D®E oG @ H oG @ H DDE DoFE Do FE
BeCohoF | AC P F

E | E | D DDE oG @ H oG @ H DO FE DOE DOE

F | F | F GoH Do FE Do FE A®B&®F Hodl GopC

G|G|G| FeH DOE Do E HopC |AeBaG| FaoC

H|H|H| FaoG DOE DOE GoC FeC |A@BaeH

The fusion of two quasi-particles is a superposition of types;

The state space of quasi-particles is degenerate even in the plane;

Non-Abelian Aharonov—Bohm effect.
LD

GSD > 1 Unitary transformation
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Thank You
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https://www.math.purdue.edu/~cui177/Lecture_Combined.pdf

