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Part I: Outline

• Basics of quantum computing/mechanics

• Motivations to topological quantum computing (TQC) and what it is

• Anyons and topological phases of matter from lattice models
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Axiomatic Formulation of Quantum Mechanics

★Quantum states

• A quantum system is associated with a state/Hilbert space  

• At each time t, the system is described by a state , which is 
a unit vector, defined up to scalar multiplication

( ℋ , ⟨ ⋅ | ⋅ ⟩ )
|ψ(t)⟩ ∈ ℋ
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Axiomatic Formulation of Quantum Mechanics

★Quantum states

• A quantum system is associated with a state/Hilbert space  

• At each time t, the system is described by a state , which is 
a unit vector, defined up to scalar multiplication

( ℋ , ⟨ ⋅ | ⋅ ⟩ )
|ψ(t)⟩ ∈ ℋ

Qubits are the abstraction of spin-12 particles, e.g., electrons.

|0i |1i multi-qubit state

These particles are vulnerable to local errors.

noise )

Error correction: encode a logical qubit into multi physical qubits.

|0iL |1iL

error
=) correct

=)

Nine-qubit code (fault-tolerance at ‘software’ level):

|0iL = (|000i+ |111i)(|000i+ |111i)(|000i+ |111i)

|1iL = (|000i � |111i)(|000i � |111i)(|000i � |111i)

The error rate must be lower than a threshold, ⇠ 10�4

) VERY large overhead cost.
5

Example: an electron (only consider its spin degrees)

State space:  ℂ2

‘spin up’ state:  |0⟩
‘spin down’ state:  |1⟩

A state at superposition:  ( |0⟩ − |1⟩)/ 2

A general state:  α |0⟩ + β |1⟩
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• The state obeys the Schrodinger Equation: 

i
∂
∂t

|ψ(t)⟩ = Ĥ |ψ(t)⟩

 : Hamiltonian; Hermitian operator acting on Ĥ ℋ

★ Time evolution
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• The state obeys the Schrodinger Equation: 

i
∂
∂t

|ψ(t)⟩ = Ĥ |ψ(t)⟩

 : Hamiltonian; Hermitian operator acting on Ĥ ℋ

Exercise: if  is constant, then Ĥ |ψ(t)⟩ = exp(−itĤ) |ψ(0)⟩

unitary operator

★ Time evolution
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• The state obeys the Schrodinger Equation: 

i
∂
∂t

|ψ(t)⟩ = Ĥ |ψ(t)⟩

 : Hamiltonian; Hermitian operator acting on Ĥ ℋ

Exercise: if  is constant, then Ĥ |ψ(t)⟩ = exp(−itĤ) |ψ(0)⟩

unitary operator

• Equivalently, there exists unitary operators , such thatU(t)

|ψ(t)⟩ = U(t) |ψ(0)⟩

★ Time evolution
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• A measurable quantity (e.g. spin, momentum, position) corresponds 
to a Hermitian operator  acting on Q̂ ℋ

 : eigenvalue of λ Q̂
 : orthogonal projection onto the -eigenspacePλ λ

Q̂ = ∑
λ

λ Pλ

★Measurement
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• A measurable quantity (e.g. spin, momentum, position) corresponds 
to a Hermitian operator  acting on Q̂ ℋ

 : eigenvalue of λ Q̂

• If a system is at state , then measuring  changes the state to 
 with probability 

|ψ⟩ Q̂
Pλ |ψ⟩ ⟨ψ |Pλ |ψ⟩

 : orthogonal projection onto the -eigenspacePλ λ
Q̂ = ∑

λ
λ Pλ

★Measurement
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• A measurable quantity (e.g. spin, momentum, position) corresponds 
to a Hermitian operator  acting on Q̂ ℋ

 : eigenvalue of λ Q̂

• If a system is at state , then measuring  changes the state to 
 with probability 

|ψ⟩ Q̂
Pλ |ψ⟩ ⟨ψ |Pλ |ψ⟩

 : orthogonal projection onto the -eigenspacePλ λ
Q̂ = ∑

λ
λ Pλ

Example: electron spin  ℂ2 = span{ |0⟩, |1⟩}

Q̂ = (1 0
0 −1)

Q̂ |0⟩ = |0⟩

Q̂ |1⟩ = − |1⟩

Measurement: probabilistic operation on states.

P = {Pi 2 End(Hn)}ki=1, P
2
i = Pi ,

P
Pi = Id .

(Assume h | i = 1) H
n
3 | i

P
�! Pi | i, Prob = h |Pi | i.

P1 = |0ih0|

P2 = |1ih1|

| i = ↵|0i+ �|1i

|0i, Prob= |↵|
2

|1i, Prob= |�|
2

| 3i

| 2i

| 1i

| 0i ?

U3

U2

U1

U0

U4

U6

U5

M

preparation gates measurement

Outcome is

probability

distribution.

4

★Measurement
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If two systems have state spaces , then their joint system has 
state space .

ℋ1, ℋ2
ℋ1 ⊗ ℋ2

★ Composite system
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If two systems have state spaces , then their joint system has 
state space .

ℋ1, ℋ2
ℋ1 ⊗ ℋ2

Example: 2-electron spins  ℂ2 ⊗ ℂ2

|0⟩ ⊗ |1⟩ ( |0⟩ ⊗ |1⟩ + |1⟩ ⊗ |0⟩)/ 2 ≠ |ψ1⟩ ⊗ ψ2⟩
product state entangled  state

★ Composite system
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If two systems have state spaces , then their joint system has 
state space .

ℋ1, ℋ2
ℋ1 ⊗ ℋ2

Example: 2-electron spins  ℂ2 ⊗ ℂ2

|0⟩ ⊗ |1⟩ ( |0⟩ ⊗ |1⟩ + |1⟩ ⊗ |0⟩)/ 2 ≠ |ψ1⟩ ⊗ ψ2⟩
product state entangled  state

★ Composite system

For N identical particles with state space , where  
is the single-particle space. The permutation group  acts on  :

ℋtot := ℋ ⊗ ⋯ ⊗ ℋ ℋ
SN ℋtot

τij |ψ1⟩ ⊗ ⋯ |ψi⟩⋯ |ψj⟩⋯ ⊗ |ψn⟩ = |ψ1⟩ ⊗ ⋯ |ψj⟩⋯ |ψi⟩⋯ ⊗ |ψn⟩

★ Identical particles
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If two systems have state spaces , then their joint system has 
state space .

ℋ1, ℋ2
ℋ1 ⊗ ℋ2

Example: 2-electron spins  ℂ2 ⊗ ℂ2

|0⟩ ⊗ |1⟩ ( |0⟩ ⊗ |1⟩ + |1⟩ ⊗ |0⟩)/ 2 ≠ |ψ1⟩ ⊗ ψ2⟩
product state entangled  state

A multi-particle state is

either symmetric, i.e.            bosonsτij |ψ⟩ = |ψ⟩, ∀i, j ⟹
or anti-symmetric, i.e.       fermionsτij |ψ⟩ = − |ψ⟩, ∀i, j ⟹

★ Composite system

For N identical particles with state space , where  
is the single-particle space. The permutation group  acts on  :

ℋtot := ℋ ⊗ ⋯ ⊗ ℋ ℋ
SN ℋtot

τij |ψ1⟩ ⊗ ⋯ |ψi⟩⋯ |ψj⟩⋯ ⊗ |ψn⟩ = |ψ1⟩ ⊗ ⋯ |ψj⟩⋯ |ψi⟩⋯ ⊗ |ψn⟩

★ Identical particles
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ManinFeynman

Early days: ’80 - ’90 

i} @
@t

| (x, t)i = Ĥ| (x, t)i
<latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit><latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit><latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="0DBYFMfB7nBJQ0H/TZH7P9yaGRY=">AAACM3icbZDJSgNBEIZrXGPcolcvjUFQEJnxohdB8OJRwSyQCaGm05M09vQM3TViGPNkXnwGbx69eFDEV7CzIG4FDT//30VVfVGmpCXff/JmZufmFxZLS+XlldW19crGSt2mueGixlOVmmaEViipRY0kKdHMjMAkUqIRXZ+N8saNMFam+ooGmWgn2NMylhzJWZ1KTbKwbxXaPgtjg7wIMzQkUQ2/FKMhu2NhZuXu7T7thQZ1Twl24hqRivP/wk6l6h/442J/RTAVVZjWRafyGHZTnidCE3fL2FbgZ9QuRgtwJYblMLciQ36NPdFyUmMibLsYnz9kO87psjg17mliY/d7R4GJtYMkcj8TpL79nY3M/7JWTvFxu5A6y0loPhkU5w5IykYsWVcawUkNnEBupNuV8T46iuSIlx2E4PfJf0X98CBw+tKHEmzBNuxCAEdwCudwATXgcA/P8Apv3oP34r1PcM14U26b8KO8j0/pYK2E</latexit><latexit sha1_base64="0DBYFMfB7nBJQ0H/TZH7P9yaGRY=">AAACM3icbZDJSgNBEIZrXGPcolcvjUFQEJnxohdB8OJRwSyQCaGm05M09vQM3TViGPNkXnwGbx69eFDEV7CzIG4FDT//30VVfVGmpCXff/JmZufmFxZLS+XlldW19crGSt2mueGixlOVmmaEViipRY0kKdHMjMAkUqIRXZ+N8saNMFam+ooGmWgn2NMylhzJWZ1KTbKwbxXaPgtjg7wIMzQkUQ2/FKMhu2NhZuXu7T7thQZ1Twl24hqRivP/wk6l6h/442J/RTAVVZjWRafyGHZTnidCE3fL2FbgZ9QuRgtwJYblMLciQ36NPdFyUmMibLsYnz9kO87psjg17mliY/d7R4GJtYMkcj8TpL79nY3M/7JWTvFxu5A6y0loPhkU5w5IykYsWVcawUkNnEBupNuV8T46iuSIlx2E4PfJf0X98CBw+tKHEmzBNuxCAEdwCudwATXgcA/P8Apv3oP34r1PcM14U26b8KO8j0/pYK2E</latexit><latexit sha1_base64="xD5c2ViPOtawPrUCA8lSoFzypkc="></latexit><latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit><latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit><latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit><latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit><latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit><latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit>

Quantum Mechanics

Origin of Quantum Computing
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ManinFeynman

Early days: ’80 - ’90 

i} @
@t

| (x, t)i = Ĥ| (x, t)i
<latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit><latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit><latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="0DBYFMfB7nBJQ0H/TZH7P9yaGRY=">AAACM3icbZDJSgNBEIZrXGPcolcvjUFQEJnxohdB8OJRwSyQCaGm05M09vQM3TViGPNkXnwGbx69eFDEV7CzIG4FDT//30VVfVGmpCXff/JmZufmFxZLS+XlldW19crGSt2mueGixlOVmmaEViipRY0kKdHMjMAkUqIRXZ+N8saNMFam+ooGmWgn2NMylhzJWZ1KTbKwbxXaPgtjg7wIMzQkUQ2/FKMhu2NhZuXu7T7thQZ1Twl24hqRivP/wk6l6h/442J/RTAVVZjWRafyGHZTnidCE3fL2FbgZ9QuRgtwJYblMLciQ36NPdFyUmMibLsYnz9kO87psjg17mliY/d7R4GJtYMkcj8TpL79nY3M/7JWTvFxu5A6y0loPhkU5w5IykYsWVcawUkNnEBupNuV8T46iuSIlx2E4PfJf0X98CBw+tKHEmzBNuxCAEdwCudwATXgcA/P8Apv3oP34r1PcM14U26b8KO8j0/pYK2E</latexit><latexit sha1_base64="0DBYFMfB7nBJQ0H/TZH7P9yaGRY=">AAACM3icbZDJSgNBEIZrXGPcolcvjUFQEJnxohdB8OJRwSyQCaGm05M09vQM3TViGPNkXnwGbx69eFDEV7CzIG4FDT//30VVfVGmpCXff/JmZufmFxZLS+XlldW19crGSt2mueGixlOVmmaEViipRY0kKdHMjMAkUqIRXZ+N8saNMFam+ooGmWgn2NMylhzJWZ1KTbKwbxXaPgtjg7wIMzQkUQ2/FKMhu2NhZuXu7T7thQZ1Twl24hqRivP/wk6l6h/442J/RTAVVZjWRafyGHZTnidCE3fL2FbgZ9QuRgtwJYblMLciQ36NPdFyUmMibLsYnz9kO87psjg17mliY/d7R4GJtYMkcj8TpL79nY3M/7JWTvFxu5A6y0loPhkU5w5IykYsWVcawUkNnEBupNuV8T46iuSIlx2E4PfJf0X98CBw+tKHEmzBNuxCAEdwCudwATXgcA/P8Apv3oP34r1PcM14U26b8KO8j0/pYK2E</latexit><latexit sha1_base64="xD5c2ViPOtawPrUCA8lSoFzypkc="></latexit><latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit><latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit><latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit><latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit><latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit><latexit sha1_base64="5froGXx+pMeK9OXClgJu3xbvj0k="></latexit>

Quantum Mechanics

ShorDeutsch

RSA-260

2211282552952966643528108525502623092761208950247001
5394413748319128822941402001986512729726569746599085
9003300314000511707422045608592763579537571859542988
3895870922923849100670303412462054578456641366454068
4214361293017694020846391065875914794251435144458199

= (               ?              )    x    (            ?           )

Origin of Quantum Computing
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★ Bit:   {0, 1}

State/bit string:    0011010101111

Classical computation
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★ Bit:   {0, 1}

State/bit string:    0011010101111

Q = AB Q = A B AB⊕ ⊕ Q = 1 A⊕

★ Logic gates: 

Classical computation
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★ Bit:   {0, 1}

State/bit string:    0011010101111

Q = AB Q = A B AB⊕ ⊕ Q = 1 A⊕

★ Logic gates: 

Process of computing:

https://www.computerscience.gcse.guru/theory/logic-circuits

Classical computation
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★Qubit:   2-dim state space   with an orthonormal basis ℂ2 { |0⟩, |1⟩}
<latexit sha1_base64="g0OkJIQtVAs87FZ1MJ50XFvTgYI=">AAACGXicbVDLSgMxFM3UV62vUZdugkVwVWaKVBcuCt24rGAf0Kklk0nb0MxkSO4IZehvuPFX3LhQxKWu/BvTdsDaeiBwcs693HuPHwuuwXG+rdza+sbmVn67sLO7t39gHx41tUwUZQ0qhVRtn2gmeMQawEGwdqwYCX3BWv6oNvVbD0xpLqM7GMesG5JBxPucEjBSz3a8kMDQ99Pa5L6MPQk8ZBp7NJCgf78LNT276JScGfAqcTNSRBnqPfvTCyRNQhYBFUTrjuvE0E2JAk4FmxS8RLOY0BEZsI6hETETu+nssgk+M0qA+1KZFwGeqYsdKQm1Hoe+qZzuqJe9qfif10mgf9VNeRQnwCI6H9RPBAaJpzHhgCtGQYwNIVRxsyumQ6IIBRNmwYTgLp+8SprlklspVW4vitXrLI48OkGn6By56BJV0Q2qowai6BE9o1f0Zj1ZL9a79TEvzVlZzzH6A+vrB2oJoI0=</latexit>

C2 ⌦ · · ·⌦ C2Multiple qubits:

Quantum states, e.g.
<latexit sha1_base64="Hesk0IJyH5VADZ3xztwv15lP1fg=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYRCswp1ItLAI2FhGMB+SHGFvM5cs2d07dveEcOZX2FgoYuvPsfPfuEmu0MQHA4/3ZpiZFyacaeN5387K6tr6xmZhq7i9s7u3Xzo4bOo4VRQbNOaxaodEI2cSG4YZju1EIREhx1Y4upn6rUdUmsXy3owTDAQZSBYxSoyVHp68riJywLFXKnsVbwZ3mfg5KUOOeq/01e3HNBUoDeVE647vJSbIiDKMcpwUu6nGhNARGWDHUkkE6iCbHTxxT63Sd6NY2ZLGnam/JzIitB6L0HYKYoZ60ZuK/3md1ERXQcZkkhqUdL4oSrlrYnf6vdtnCqnhY0sIVcze6tIhUYQam1HRhuAvvrxMmucVv1qp3l2Ua9d5HAU4hhM4Ax8uoQa3UIcGUBDwDK/w5ijnxXl3PuatK04+cwR/4Hz+ALbtkFo=</latexit>

|0i
<latexit sha1_base64="1vHiEMDrDRnILxOfySYZVPs6mDg=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYRCswp1ItLAI2FhGMB+SHGFvM5cs2d07dveEcOZX2FgoYuvPsfPfuEmu0MQHA4/3ZpiZFyacaeN5387K6tr6xmZhq7i9s7u3Xzo4bOo4VRQbNOaxaodEI2cSG4YZju1EIREhx1Y4upn6rUdUmsXy3owTDAQZSBYxSoyVHp78riJywLFXKnsVbwZ3mfg5KUOOeq/01e3HNBUoDeVE647vJSbIiDKMcpwUu6nGhNARGWDHUkkE6iCbHTxxT63Sd6NY2ZLGnam/JzIitB6L0HYKYoZ60ZuK/3md1ERXQcZkkhqUdL4oSrlrYnf6vdtnCqnhY0sIVcze6tIhUYQam1HRhuAvvrxMmucVv1qp3l2Ua9d5HAU4hhM4Ax8uoQa3UIcGUBDwDK/w5ijnxXl3PuatK04+cwR/4Hz+ALh4kFs=</latexit>

|1i
<latexit sha1_base64="LSUT9C+seW1oZcoTOyQHXvNcYuU=">AAACQXicbVA9SwNBFNzz2/gVtbRZDIJVuBOJFhYBG0sF8wG5EPY2L3Fxb/fcfRcIl/w1G/+Bnb2NhSK2Nm5iRI0OLAwz83hvJ0qksOj7D97M7Nz8wuLScm5ldW19I7+5VbU6NRwqXEtt6hGzIIWCCgqUUE8MsDiSUIuuT0d+rQfGCq0usZ9AM2ZdJTqCM3RSK18f+KFhqiuBhhpFDJYOgmkl5G2N9jvwPQI3qejRAfWDr9CX18oX/KI/Bv1LggkpkAnOW/n7sK15GoNCLpm1jcBPsJkxg4JLGObC1ELC+DXrQsNRxdwpzWzcwJDuOaVNO9q4p5CO1Z8TGYut7ceRS8YMr+y0NxL/8xopdo6bmVBJiqD456JOKilqOqqTtoUBjrLvCONGuFspv2KGcXSl51wJwfSX/5LqQTEoFUsXh4XyyaSOJbJDdsk+CcgRKZMzck4qhJNb8kieyYt35z15r97bZ3TGm8xsk1/w3j8AbAiwJQ==</latexit>

|0i ⌦ |1i ⌦ · · ·⌦ |0i ⌘ |01 · · · 0i
<latexit sha1_base64="vQe49Y0to5Vtqn0aAHg/mvWlFFE=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0UQhJJUqS5cFNy4rGAf0IQymU7aoZNJnJkIJeZP3PgrblwoIu76N06aLLT1wIXDOfdy7z1exKhUljUzSiura+sb5c3K1vbO7p65f9CRYSwwaeOQhaLnIUkY5aStqGKkFwmCAo+Rrje5yfzuIxGShvxeTSPiBmjEqU8xUloamA3HFwgndprUU/hkOQLxESPwDOa6Ix+ESs7T3LZh4VcGZtWqWXPAZWIXpAoKtAbmtzMMcRwQrjBDUvZtK1JugoSimJG04sSSRAhP0Ij0NeUoINJN5v+l8EQrQ+iHQhdXcK7+nkhQIOU08HRngNRYLnqZ+J/Xj5V/5SaUR7EiHOeL/JhBFcIsLDikgmDFppogLKi+FeIx0sEoHWkWgr348jLp1Gt2o9a4u6g2r4s4yuAIHINTYINL0AS3oAXaAINn8ArewYfxYrwZn8ZX3loyiplD8AfG7AcPr6Ja</latexit>

1

2
|0i+

p
3

2
|1i

<latexit sha1_base64="SLTjnHc3Hms7KDUh7N+l1EGNNOQ=">AAACKHicbVDLSgMxFM34rPU16tJNsAiCUCZFqgvBghuXFewDOqVk0kwbmsmMSUYo43yOG3/FjYgi3folZtpZaNsDgcM553JzjxdxprTjTKyV1bX1jc3CVnF7Z3dv3z44bKowloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG91mfuuJSsVC8aDHEe0GeCCYzwjWRurZN64vMUlQmrjqUeqkkqbw2UGuxGLAKTyHy3zkwDxQ7Nklp+xMARcJykkJ5Kj37A+3H5I4oEITjpXqICfS3QRLzQinadGNFY0wGeEB7RgqcEBVN5kemsJTo/ShH0rzhIZT9e9EggOlxoFnkgHWQzXvZeIyrxNr/6qbMBHFmgoyW+THHOoQZq3BPpOUaD42BBPJzF8hGWLTjDbdZiWg+ZMXSbNSRtVy9f6iVLvO6yiAY3ACzgACl6AG7kAdNAABL+ANfIIv69V6t76tySy6YuUzR+AfrJ9ffNmmMQ==</latexit>

1p
2
|01i+ 1p

2
|10i

Quantum computation
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★Qubit:   2-dim state space   with an orthonormal basis ℂ2 { |0⟩, |1⟩}
<latexit sha1_base64="g0OkJIQtVAs87FZ1MJ50XFvTgYI=">AAACGXicbVDLSgMxFM3UV62vUZdugkVwVWaKVBcuCt24rGAf0Kklk0nb0MxkSO4IZehvuPFX3LhQxKWu/BvTdsDaeiBwcs693HuPHwuuwXG+rdza+sbmVn67sLO7t39gHx41tUwUZQ0qhVRtn2gmeMQawEGwdqwYCX3BWv6oNvVbD0xpLqM7GMesG5JBxPucEjBSz3a8kMDQ99Pa5L6MPQk8ZBp7NJCgf78LNT276JScGfAqcTNSRBnqPfvTCyRNQhYBFUTrjuvE0E2JAk4FmxS8RLOY0BEZsI6hETETu+nssgk+M0qA+1KZFwGeqYsdKQm1Hoe+qZzuqJe9qfif10mgf9VNeRQnwCI6H9RPBAaJpzHhgCtGQYwNIVRxsyumQ6IIBRNmwYTgLp+8SprlklspVW4vitXrLI48OkGn6By56BJV0Q2qowai6BE9o1f0Zj1ZL9a79TEvzVlZzzH6A+vrB2oJoI0=</latexit>

C2 ⌦ · · ·⌦ C2Multiple qubits:

Quantum states, e.g.
<latexit sha1_base64="Hesk0IJyH5VADZ3xztwv15lP1fg=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYRCswp1ItLAI2FhGMB+SHGFvM5cs2d07dveEcOZX2FgoYuvPsfPfuEmu0MQHA4/3ZpiZFyacaeN5387K6tr6xmZhq7i9s7u3Xzo4bOo4VRQbNOaxaodEI2cSG4YZju1EIREhx1Y4upn6rUdUmsXy3owTDAQZSBYxSoyVHp68riJywLFXKnsVbwZ3mfg5KUOOeq/01e3HNBUoDeVE647vJSbIiDKMcpwUu6nGhNARGWDHUkkE6iCbHTxxT63Sd6NY2ZLGnam/JzIitB6L0HYKYoZ60ZuK/3md1ERXQcZkkhqUdL4oSrlrYnf6vdtnCqnhY0sIVcze6tIhUYQam1HRhuAvvrxMmucVv1qp3l2Ua9d5HAU4hhM4Ax8uoQa3UIcGUBDwDK/w5ijnxXl3PuatK04+cwR/4Hz+ALbtkFo=</latexit>

|0i
<latexit sha1_base64="1vHiEMDrDRnILxOfySYZVPs6mDg=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYRCswp1ItLAI2FhGMB+SHGFvM5cs2d07dveEcOZX2FgoYuvPsfPfuEmu0MQHA4/3ZpiZFyacaeN5387K6tr6xmZhq7i9s7u3Xzo4bOo4VRQbNOaxaodEI2cSG4YZju1EIREhx1Y4upn6rUdUmsXy3owTDAQZSBYxSoyVHp78riJywLFXKnsVbwZ3mfg5KUOOeq/01e3HNBUoDeVE647vJSbIiDKMcpwUu6nGhNARGWDHUkkE6iCbHTxxT63Sd6NY2ZLGnam/JzIitB6L0HYKYoZ60ZuK/3md1ERXQcZkkhqUdL4oSrlrYnf6vdtnCqnhY0sIVcze6tIhUYQam1HRhuAvvrxMmucVv1qp3l2Ua9d5HAU4hhM4Ax8uoQa3UIcGUBDwDK/w5ijnxXl3PuatK04+cwR/4Hz+ALh4kFs=</latexit>

|1i
<latexit sha1_base64="LSUT9C+seW1oZcoTOyQHXvNcYuU=">AAACQXicbVA9SwNBFNzz2/gVtbRZDIJVuBOJFhYBG0sF8wG5EPY2L3Fxb/fcfRcIl/w1G/+Bnb2NhSK2Nm5iRI0OLAwz83hvJ0qksOj7D97M7Nz8wuLScm5ldW19I7+5VbU6NRwqXEtt6hGzIIWCCgqUUE8MsDiSUIuuT0d+rQfGCq0usZ9AM2ZdJTqCM3RSK18f+KFhqiuBhhpFDJYOgmkl5G2N9jvwPQI3qejRAfWDr9CX18oX/KI/Bv1LggkpkAnOW/n7sK15GoNCLpm1jcBPsJkxg4JLGObC1ELC+DXrQsNRxdwpzWzcwJDuOaVNO9q4p5CO1Z8TGYut7ceRS8YMr+y0NxL/8xopdo6bmVBJiqD456JOKilqOqqTtoUBjrLvCONGuFspv2KGcXSl51wJwfSX/5LqQTEoFUsXh4XyyaSOJbJDdsk+CcgRKZMzck4qhJNb8kieyYt35z15r97bZ3TGm8xsk1/w3j8AbAiwJQ==</latexit>

|0i ⌦ |1i ⌦ · · ·⌦ |0i ⌘ |01 · · · 0i
<latexit sha1_base64="vQe49Y0to5Vtqn0aAHg/mvWlFFE=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0UQhJJUqS5cFNy4rGAf0IQymU7aoZNJnJkIJeZP3PgrblwoIu76N06aLLT1wIXDOfdy7z1exKhUljUzSiura+sb5c3K1vbO7p65f9CRYSwwaeOQhaLnIUkY5aStqGKkFwmCAo+Rrje5yfzuIxGShvxeTSPiBmjEqU8xUloamA3HFwgndprUU/hkOQLxESPwDOa6Ix+ESs7T3LZh4VcGZtWqWXPAZWIXpAoKtAbmtzMMcRwQrjBDUvZtK1JugoSimJG04sSSRAhP0Ij0NeUoINJN5v+l8EQrQ+iHQhdXcK7+nkhQIOU08HRngNRYLnqZ+J/Xj5V/5SaUR7EiHOeL/JhBFcIsLDikgmDFppogLKi+FeIx0sEoHWkWgr348jLp1Gt2o9a4u6g2r4s4yuAIHINTYINL0AS3oAXaAINn8ArewYfxYrwZn8ZX3loyiplD8AfG7AcPr6Ja</latexit>

1

2
|0i+

p
3

2
|1i

<latexit sha1_base64="SLTjnHc3Hms7KDUh7N+l1EGNNOQ=">AAACKHicbVDLSgMxFM34rPU16tJNsAiCUCZFqgvBghuXFewDOqVk0kwbmsmMSUYo43yOG3/FjYgi3folZtpZaNsDgcM553JzjxdxprTjTKyV1bX1jc3CVnF7Z3dv3z44bKowloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG91mfuuJSsVC8aDHEe0GeCCYzwjWRurZN64vMUlQmrjqUeqkkqbw2UGuxGLAKTyHy3zkwDxQ7Nklp+xMARcJykkJ5Kj37A+3H5I4oEITjpXqICfS3QRLzQinadGNFY0wGeEB7RgqcEBVN5kemsJTo/ShH0rzhIZT9e9EggOlxoFnkgHWQzXvZeIyrxNr/6qbMBHFmgoyW+THHOoQZq3BPpOUaD42BBPJzF8hGWLTjDbdZiWg+ZMXSbNSRtVy9f6iVLvO6yiAY3ACzgACl6AG7kAdNAABL+ANfIIv69V6t76tySy6YuUzR+AfrJ9ffNmmMQ==</latexit>

1p
2
|01i+ 1p

2
|10i

★Quantum gates:    unitary transformations on

H =
1p
2

✓
1 1
1 �1

◆

<latexit sha1_base64="veq6dYNjtnD+p68KJW5zxxhZJUM="></latexit><latexit sha1_base64="veq6dYNjtnD+p68KJW5zxxhZJUM="></latexit><latexit sha1_base64="veq6dYNjtnD+p68KJW5zxxhZJUM="></latexit><latexit sha1_base64="veq6dYNjtnD+p68KJW5zxxhZJUM="></latexit>

CNOT: C2 ⌦ C2 ! C2 ⌦ C2
<latexit sha1_base64="rhsRz+Bn4Sm0JMVvmAQZ0D6Lk0g=">AAACS3ichVDLSgMxFM1Uq7W+Rl26CRbBVZkRQZfFblxphT6ETi2ZNG2DmWRI7qhl6P+5cePOn3DjQhEXZtoutAoeCBzOPfeRE8aCG/C8Zye3sJhfWi6sFFfX1jc23a3tplGJpqxBlVD6KiSGCS5ZAzgIdhVrRqJQsFZ4U83qrVumDVeyDqOYdSIykLzPKQErdd0wAHYPafX8oj7GQTZP4iAiMAzDtDq+PsSBAh4xMydqPhgC0Vrd/e/uuiWv7E2AfxN/RkpohlrXfQp6iiYRk0AFMabtezF0UqKBU8HGxSAxLCb0hgxY21JJ7MZOOslijPet0sN9pe2TgCfq946URMaMotA6sxvNfC0T/6q1E+ifdFIu4wSYpNNF/URgUDgLFve4ZhTEyBJCNbe3YjokmlCw8RdtCP78l3+T5mHZt/zyqFQ5ncVRQLtoDx0gHx2jCjpDNdRAFD2gF/SG3p1H59X5cD6n1pwz69lBP5DLfwE6UrQX</latexit><latexit sha1_base64="rhsRz+Bn4Sm0JMVvmAQZ0D6Lk0g=">AAACS3ichVDLSgMxFM1Uq7W+Rl26CRbBVZkRQZfFblxphT6ETi2ZNG2DmWRI7qhl6P+5cePOn3DjQhEXZtoutAoeCBzOPfeRE8aCG/C8Zye3sJhfWi6sFFfX1jc23a3tplGJpqxBlVD6KiSGCS5ZAzgIdhVrRqJQsFZ4U83qrVumDVeyDqOYdSIykLzPKQErdd0wAHYPafX8oj7GQTZP4iAiMAzDtDq+PsSBAh4xMydqPhgC0Vrd/e/uuiWv7E2AfxN/RkpohlrXfQp6iiYRk0AFMabtezF0UqKBU8HGxSAxLCb0hgxY21JJ7MZOOslijPet0sN9pe2TgCfq946URMaMotA6sxvNfC0T/6q1E+ifdFIu4wSYpNNF/URgUDgLFve4ZhTEyBJCNbe3YjokmlCw8RdtCP78l3+T5mHZt/zyqFQ5ncVRQLtoDx0gHx2jCjpDNdRAFD2gF/SG3p1H59X5cD6n1pwz69lBP5DLfwE6UrQX</latexit><latexit sha1_base64="rhsRz+Bn4Sm0JMVvmAQZ0D6Lk0g=">AAACS3ichVDLSgMxFM1Uq7W+Rl26CRbBVZkRQZfFblxphT6ETi2ZNG2DmWRI7qhl6P+5cePOn3DjQhEXZtoutAoeCBzOPfeRE8aCG/C8Zye3sJhfWi6sFFfX1jc23a3tplGJpqxBlVD6KiSGCS5ZAzgIdhVrRqJQsFZ4U83qrVumDVeyDqOYdSIykLzPKQErdd0wAHYPafX8oj7GQTZP4iAiMAzDtDq+PsSBAh4xMydqPhgC0Vrd/e/uuiWv7E2AfxN/RkpohlrXfQp6iiYRk0AFMabtezF0UqKBU8HGxSAxLCb0hgxY21JJ7MZOOslijPet0sN9pe2TgCfq946URMaMotA6sxvNfC0T/6q1E+ifdFIu4wSYpNNF/URgUDgLFve4ZhTEyBJCNbe3YjokmlCw8RdtCP78l3+T5mHZt/zyqFQ5ncVRQLtoDx0gHx2jCjpDNdRAFD2gF/SG3p1H59X5cD6n1pwz69lBP5DLfwE6UrQX</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="QTgw9TkJKTHIzMqZXdtbAfQ3te4=">AAACQHichZC/SwMxFMff+bPWqqerS1AEJ7lz0VHo4qQVrC30asmlaRuaS47knVqO/n8uLm7+Ey4OijiYqx20Cj4IfPh+X/JevnEqhcUgePLm5hcWl5ZLK+XVytr6hr9ZubI6M4zXmZbaNGNquRSK11Gg5M3UcJrEkjfiYbXwGzfcWKHVJY5S3k5oX4meYBSd1PHjCPkd5tWz88sxiYr3FIkSioM4zqvj60MSaRQJtzOiEf0BUmP07f/dHX83OAgmRX5DOIVdmFat4z9GXc2yhCtkklrbCoMU2zk1KJjk43KUWZ5SNqR93nKoqJvYzidZjMmeU7qkp407CslE/X4jp4m1oyR2ncWOdtYrxL+8Voa943YuVJohV+xrUC+TBDUpgiVdYThDOXJAmRFuV8IG1FCGLv6yCyGc/fJvuDo8CB1fBFCCbdiBfQjhCE7gFGpQBwb38Ayv8OY9eC/e+1dcc940ty34Ud7HJ384s2A=</latexit><latexit sha1_base64="QTgw9TkJKTHIzMqZXdtbAfQ3te4=">AAACQHichZC/SwMxFMff+bPWqqerS1AEJ7lz0VHo4qQVrC30asmlaRuaS47knVqO/n8uLm7+Ey4OijiYqx20Cj4IfPh+X/JevnEqhcUgePLm5hcWl5ZLK+XVytr6hr9ZubI6M4zXmZbaNGNquRSK11Gg5M3UcJrEkjfiYbXwGzfcWKHVJY5S3k5oX4meYBSd1PHjCPkd5tWz88sxiYr3FIkSioM4zqvj60MSaRQJtzOiEf0BUmP07f/dHX83OAgmRX5DOIVdmFat4z9GXc2yhCtkklrbCoMU2zk1KJjk43KUWZ5SNqR93nKoqJvYzidZjMmeU7qkp407CslE/X4jp4m1oyR2ncWOdtYrxL+8Voa943YuVJohV+xrUC+TBDUpgiVdYThDOXJAmRFuV8IG1FCGLv6yCyGc/fJvuDo8CB1fBFCCbdiBfQjhCE7gFGpQBwb38Ayv8OY9eC/e+1dcc940ty34Ud7HJ384s2A=</latexit><latexit sha1_base64="28s5XC9I4VVuKqTKjQGyKdXFYjg=">AAACS3ichVA9TwIxGO6hKOIX6ujSSEycyJ2LjkQWJ8WEr4RD0isFGnrtpX1PJRf+n4uLm3/CxUFjHOwBg4KJT9LkyfM+70efIBLcgOu+OJmV1ezaem4jv7m1vbNb2NtvGBVryupUCaVbATFMcMnqwEGwVqQZCQPBmsGoktabd0wbrmQNxhHrhGQgeZ9TAlbqFgIf2AMklavr2gT76TyJ/ZDAMAiSyuT2FPsKeMjMgqj5YAhEa3X/v7tbKLoldwq8TLw5KaI5qt3Cs99TNA6ZBCqIMW3PjaCTEA2cCjbJ+7FhEaEjMmBtSyWxGzvJNIsJPrZKD/eVtk8Cnqo/OxISGjMOA+tMbzSLtVT8q9aOoX/eSbiMYmCSzhb1Y4FB4TRY3OOaURBjSwjV3N6K6ZBoQsHGn7cheItfXiaN05Jn+Y1bLF/M48ihQ3SETpCHzlAZXaIqqiOKHtErekcfzpPz5nw6XzNrxpn3HKBfyGS/ATkStBM=</latexit><latexit sha1_base64="rhsRz+Bn4Sm0JMVvmAQZ0D6Lk0g=">AAACS3ichVDLSgMxFM1Uq7W+Rl26CRbBVZkRQZfFblxphT6ETi2ZNG2DmWRI7qhl6P+5cePOn3DjQhEXZtoutAoeCBzOPfeRE8aCG/C8Zye3sJhfWi6sFFfX1jc23a3tplGJpqxBlVD6KiSGCS5ZAzgIdhVrRqJQsFZ4U83qrVumDVeyDqOYdSIykLzPKQErdd0wAHYPafX8oj7GQTZP4iAiMAzDtDq+PsSBAh4xMydqPhgC0Vrd/e/uuiWv7E2AfxN/RkpohlrXfQp6iiYRk0AFMabtezF0UqKBU8HGxSAxLCb0hgxY21JJ7MZOOslijPet0sN9pe2TgCfq946URMaMotA6sxvNfC0T/6q1E+ifdFIu4wSYpNNF/URgUDgLFve4ZhTEyBJCNbe3YjokmlCw8RdtCP78l3+T5mHZt/zyqFQ5ncVRQLtoDx0gHx2jCjpDNdRAFD2gF/SG3p1H59X5cD6n1pwz69lBP5DLfwE6UrQX</latexit><latexit sha1_base64="rhsRz+Bn4Sm0JMVvmAQZ0D6Lk0g=">AAACS3ichVDLSgMxFM1Uq7W+Rl26CRbBVZkRQZfFblxphT6ETi2ZNG2DmWRI7qhl6P+5cePOn3DjQhEXZtoutAoeCBzOPfeRE8aCG/C8Zye3sJhfWi6sFFfX1jc23a3tplGJpqxBlVD6KiSGCS5ZAzgIdhVrRqJQsFZ4U83qrVumDVeyDqOYdSIykLzPKQErdd0wAHYPafX8oj7GQTZP4iAiMAzDtDq+PsSBAh4xMydqPhgC0Vrd/e/uuiWv7E2AfxN/RkpohlrXfQp6iiYRk0AFMabtezF0UqKBU8HGxSAxLCb0hgxY21JJ7MZOOslijPet0sN9pe2TgCfq946URMaMotA6sxvNfC0T/6q1E+ifdFIu4wSYpNNF/URgUDgLFve4ZhTEyBJCNbe3YjokmlCw8RdtCP78l3+T5mHZt/zyqFQ5ncVRQLtoDx0gHx2jCjpDNdRAFD2gF/SG3p1H59X5cD6n1pwz69lBP5DLfwE6UrQX</latexit><latexit sha1_base64="rhsRz+Bn4Sm0JMVvmAQZ0D6Lk0g=">AAACS3ichVDLSgMxFM1Uq7W+Rl26CRbBVZkRQZfFblxphT6ETi2ZNG2DmWRI7qhl6P+5cePOn3DjQhEXZtoutAoeCBzOPfeRE8aCG/C8Zye3sJhfWi6sFFfX1jc23a3tplGJpqxBlVD6KiSGCS5ZAzgIdhVrRqJQsFZ4U83qrVumDVeyDqOYdSIykLzPKQErdd0wAHYPafX8oj7GQTZP4iAiMAzDtDq+PsSBAh4xMydqPhgC0Vrd/e/uuiWv7E2AfxN/RkpohlrXfQp6iiYRk0AFMabtezF0UqKBU8HGxSAxLCb0hgxY21JJ7MZOOslijPet0sN9pe2TgCfq946URMaMotA6sxvNfC0T/6q1E+ifdFIu4wSYpNNF/URgUDgLFve4ZhTEyBJCNbe3YjokmlCw8RdtCP78l3+T5mHZt/zyqFQ5ncVRQLtoDx0gHx2jCjpDNdRAFD2gF/SG3p1H59X5cD6n1pwz69lBP5DLfwE6UrQX</latexit><latexit sha1_base64="rhsRz+Bn4Sm0JMVvmAQZ0D6Lk0g=">AAACS3ichVDLSgMxFM1Uq7W+Rl26CRbBVZkRQZfFblxphT6ETi2ZNG2DmWRI7qhl6P+5cePOn3DjQhEXZtoutAoeCBzOPfeRE8aCG/C8Zye3sJhfWi6sFFfX1jc23a3tplGJpqxBlVD6KiSGCS5ZAzgIdhVrRqJQsFZ4U83qrVumDVeyDqOYdSIykLzPKQErdd0wAHYPafX8oj7GQTZP4iAiMAzDtDq+PsSBAh4xMydqPhgC0Vrd/e/uuiWv7E2AfxN/RkpohlrXfQp6iiYRk0AFMabtezF0UqKBU8HGxSAxLCb0hgxY21JJ7MZOOslijPet0sN9pe2TgCfq946URMaMotA6sxvNfC0T/6q1E+ifdFIu4wSYpNNF/URgUDgLFve4ZhTEyBJCNbe3YjokmlCw8RdtCP78l3+T5mHZt/zyqFQ5ncVRQLtoDx0gHx2jCjpDNdRAFD2gF/SG3p1H59X5cD6n1pwz69lBP5DLfwE6UrQX</latexit><latexit sha1_base64="rhsRz+Bn4Sm0JMVvmAQZ0D6Lk0g=">AAACS3ichVDLSgMxFM1Uq7W+Rl26CRbBVZkRQZfFblxphT6ETi2ZNG2DmWRI7qhl6P+5cePOn3DjQhEXZtoutAoeCBzOPfeRE8aCG/C8Zye3sJhfWi6sFFfX1jc23a3tplGJpqxBlVD6KiSGCS5ZAzgIdhVrRqJQsFZ4U83qrVumDVeyDqOYdSIykLzPKQErdd0wAHYPafX8oj7GQTZP4iAiMAzDtDq+PsSBAh4xMydqPhgC0Vrd/e/uuiWv7E2AfxN/RkpohlrXfQp6iiYRk0AFMabtezF0UqKBU8HGxSAxLCb0hgxY21JJ7MZOOslijPet0sN9pe2TgCfq946URMaMotA6sxvNfC0T/6q1E+ifdFIu4wSYpNNF/URgUDgLFve4ZhTEyBJCNbe3YjokmlCw8RdtCP78l3+T5mHZt/zyqFQ5ncVRQLtoDx0gHx2jCjpDNdRAFD2gF/SG3p1H59X5cD6n1pwz69lBP5DLfwE6UrQX</latexit><latexit sha1_base64="rhsRz+Bn4Sm0JMVvmAQZ0D6Lk0g=">AAACS3ichVDLSgMxFM1Uq7W+Rl26CRbBVZkRQZfFblxphT6ETi2ZNG2DmWRI7qhl6P+5cePOn3DjQhEXZtoutAoeCBzOPfeRE8aCG/C8Zye3sJhfWi6sFFfX1jc23a3tplGJpqxBlVD6KiSGCS5ZAzgIdhVrRqJQsFZ4U83qrVumDVeyDqOYdSIykLzPKQErdd0wAHYPafX8oj7GQTZP4iAiMAzDtDq+PsSBAh4xMydqPhgC0Vrd/e/uuiWv7E2AfxN/RkpohlrXfQp6iiYRk0AFMabtezF0UqKBU8HGxSAxLCb0hgxY21JJ7MZOOslijPet0sN9pe2TgCfq946URMaMotA6sxvNfC0T/6q1E+ifdFIu4wSYpNNF/URgUDgLFve4ZhTEyBJCNbe3YjokmlCw8RdtCP78l3+T5mHZt/zyqFQ5ncVRQLtoDx0gHx2jCjpDNdRAFD2gF/SG3p1H59X5cD6n1pwz69lBP5DLfwE6UrQX</latexit>
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Quantum computation
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★Measurement:    a way to “see” quantum states.

Measurement: probabilistic operation on states.

P = {Pi 2 End(Hn)}ki=1, P
2
i = Pi ,

P
Pi = Id .

(Assume h | i = 1) H
n
3 | i

P
�! Pi | i, Prob = h |Pi | i.

P1 = |0ih0|

P2 = |1ih1|

| i = ↵|0i+ �|1i

|0i, Prob= |↵|
2

|1i, Prob= |�|
2

| 3i

| 2i

| 1i

| 0i ?

U3

U2

U1

U0

U4

U6

U5

M

preparation gates measurement

Outcome is

probability

distribution.

4
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Process of quantum computing:
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Given a blackbox implementing a function ,f : {0,1}n → {0,1}

 f⋯

It’s assured  is either constant, or balanced, i.e. .f | f −1(0) | = | f −1(1) |

Example: Deutsch–Jozsa algorithm

How many times in the worst case to call the blackbox to determine the 
type of  ?f
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Given a blackbox implementing a function ,f : {0,1}n → {0,1}

 f⋯

It’s assured  is either constant, or balanced, i.e. .f | f −1(0) | = | f −1(1) |

• Classically: 2n−1 + 1

• Quantum: ?

Consider . Let ,n = 1 Uf |x, y⟩ = |x, u ⊕ f(x)⟩  Uf

Example: Deutsch–Jozsa algorithm

How many times in the worst case to call the blackbox to determine the 
type of  ?f
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|1⟩ H↔ ( |0⟩ − |1⟩)/ 2
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Topological idea:

Encode information in global properties of a quantum system, so that no 
small local perturbation can easily change the encoded state
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Topological idea:

Analogy:

global property: 
knot-type

local properties: 
length, curvature, etc

Encode information in global properties of a quantum system, so that no 
small local perturbation can easily change the encoded state

• Store quantum information in global/topological sectors;

• Perform computation by changing the global/topological configuration in 
controlled ways;

A class of quantum systems with the above properties are called 
topological phases of matter
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with a strong magnetic field, 
at very low temperature.

Topological phases of matter in 2D
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Electrons constrained in a plane 
with a strong magnetic field, 
at very low temperature.

• Quasi-particles: collective behavior of the underlying particles.
• They can only be created and annihilated in pairs.
• The total type of two separated quasi-particles cannot be inferred locally.
• The state space of quasi-particles depends on their types and 

background topology.
• Moving the quasi-particles induce robust transformation on state spaces.

Topological phases of matter in 2D

quasi-particles/anyons
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★Qubit:  global degrees of freedom of multiple-anyon space

a1 a2 an
· · ·

• The space is inaccessible by local small perturbations.
• There is a gap with the rest of the spectrum.

e.g. the fusion channel
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★Qubit:  global degrees of freedom of multiple-anyon space

a1 a2 an
· · ·

• The space is inaccessible by local small perturbations.
• There is a gap with the rest of the spectrum.

e.g. the fusion channel

★Quantum gates:   braiding/swap of anyons

Hilbert space for TQC: When we fix the positions and types of

multi (non-Abelian) anyons, the space of states has dimension > 1.

a a a a

b

Hilbert space V a,··· ,a
b

Energy gap �E > 0 )

immune to small perturbations.

Anyons can be swapped each other. In spacetime, the trajectory

produces a braid.

time

9• Braiding induces unitary transformation;
• The transformation depends only on the isotopy class of trajectories.
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★Measurement:   anyon fusion

a b

?
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★Measurement:   anyon fusion

a b

?

vacuum

| 0i

U | 0i

vacuum

creation

braiding

fusion

M.H. Freedman, P/NP, and the quantum field computer, Proc. 
Natl. Acad. Sci. 95 (1) 98-101,

Process of topological quantum computing

A. Yu. Kitaev, Fault-tolerant quantum computation by anyons, 
arXiv:quant-ph/9707021,

M.H. Freedman, A. Yu. Kitaev, M.J. Larsen, Z. Wang, 
Topological Quantum Computation, arXiv:quant-ph/0101025,
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Toric code model

Choose a closed surface  and a cellullation/lattice with (V, E, F)Σ

vertices edges faces

Assign a qubit                           on each edgeℂ2 = { |0⟩, |1⟩}

Total Hilbert/state space ℋ = ⊗e∈E (ℂ2)e

ℂ2 ℂ2

A standard basis of  consists of
, for each 
ℋ

|s⟩ := ⊗e∈E |s(e)⟩ s : E → ℤ2 = {0,1}
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Figure 4: A L⇥ L square lattice on the torus

2 Toric Code

Toric code [14] is an exactly solvable lattice model defined on a closed surface, i.e., a surface
without boundary. It has a gapped Hamiltonian whose low energy excitations are anyons.
Although all of the anyon types in toric code are Abelian and hence are not useful for TQC,
the toric code is a beautiful theory that illustrates many concepts of topological phases.
Thus it is worth studying the model to some details. Later, we will generalize it to Kitaev’s
quantum double model for any finite groups, where non-Abelian anyons can emerge.

Recall that the Pauli matrices are defined as follows.

X =

✓
0 1
1 0

◆
Z =

✓
1 0
0 �1

◆
Y = iXZ =

✓
0 �i
i 0

◆

Let L be a square lattice of size L ⇥ L with periodic boundaries both in the horizontal
direction and in the vertical direction. See Figure 4. Namely, we identify the two horizontal
boundaries as well the two vertical ones. In another word, L is a lattice on the torus.

Remark 2.1. The Hamiltonian model to be introduced below can be defined on lattices of
any shape on any closed surface. Here we simply choose the square lattice on the torus as
an illustrative example.

Denote by

V = {vertices},
E = {edges},
F = {faces or plaquettes}.

To each edge e 2 E associate a qubit He = C2. The total Hilbert space Htot is defined as

Htot :=
O

e2E

He.

To define the Hamiltonian, we first introduce some local operators. To each v 2 V and
p 2 F , define

Av :=

0

@
O

e2star(v)

Xe

1

A
O

0

@
O

e2E�star(v)

Ide

1

A , Bp :=

 
O

e2@p

Ze

!
O

 
O

e2E�@p

Ide

!
,

7

X2 = Z2 = IX = X†, Z = Z†

XZ = − ZX
The eigenvalues of X and Z are ±1
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E = {edges},
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p 2 F , define

Av :=
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A , Bp :=
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O

e2E�@p

Ide

!
,

7

X2 = Z2 = IX = X†, Z = Z†

XZ = − ZX
The eigenvalues of X and Z are ±1

Remark: if O acts on , , then  acts on the copy  .ℂ2 e ∈ E Oe (ℂ2)e



22

vXX

X

X p

Z

Z

Z Z

Figure 4: A L⇥ L square lattice on the torus

2 Toric Code

Toric code [14] is an exactly solvable lattice model defined on a closed surface, i.e., a surface
without boundary. It has a gapped Hamiltonian whose low energy excitations are anyons.
Although all of the anyon types in toric code are Abelian and hence are not useful for TQC,
the toric code is a beautiful theory that illustrates many concepts of topological phases.
Thus it is worth studying the model to some details. Later, we will generalize it to Kitaev’s
quantum double model for any finite groups, where non-Abelian anyons can emerge.

Recall that the Pauli matrices are defined as follows.

X =

✓
0 1
1 0

◆
Z =

✓
1 0
0 �1

◆
Y = iXZ =

✓
0 �i
i 0

◆

Let L be a square lattice of size L ⇥ L with periodic boundaries both in the horizontal
direction and in the vertical direction. See Figure 4. Namely, we identify the two horizontal
boundaries as well the two vertical ones. In another word, L is a lattice on the torus.

Remark 2.1. The Hamiltonian model to be introduced below can be defined on lattices of
any shape on any closed surface. Here we simply choose the square lattice on the torus as
an illustrative example.

Denote by

V = {vertices},
E = {edges},
F = {faces or plaquettes}.

To each edge e 2 E associate a qubit He = C2. The total Hilbert space Htot is defined as

Htot :=
O

e2E

He.

To define the Hamiltonian, we first introduce some local operators. To each v 2 V and
p 2 F , define

Av :=

0

@
O

e2star(v)

Xe

1

A
O

0

@
O

e2E�star(v)

Ide

1

A , Bp :=

 
O

e2@p

Ze

!
O

 
O

e2E�@p

Ide

!
,

7

vXX

X

X p

Z

Z

Z Z

Figure 4: A L⇥ L square lattice on the torus

2 Toric Code

Toric code [14] is an exactly solvable lattice model defined on a closed surface, i.e., a surface
without boundary. It has a gapped Hamiltonian whose low energy excitations are anyons.
Although all of the anyon types in toric code are Abelian and hence are not useful for TQC,
the toric code is a beautiful theory that illustrates many concepts of topological phases.
Thus it is worth studying the model to some details. Later, we will generalize it to Kitaev’s
quantum double model for any finite groups, where non-Abelian anyons can emerge.

Recall that the Pauli matrices are defined as follows.

X =

✓
0 1
1 0

◆
Z =

✓
1 0
0 �1

◆
Y = iXZ =

✓
0 �i
i 0

◆

Let L be a square lattice of size L ⇥ L with periodic boundaries both in the horizontal
direction and in the vertical direction. See Figure 4. Namely, we identify the two horizontal
boundaries as well the two vertical ones. In another word, L is a lattice on the torus.

Remark 2.1. The Hamiltonian model to be introduced below can be defined on lattices of
any shape on any closed surface. Here we simply choose the square lattice on the torus as
an illustrative example.

Denote by

V = {vertices},
E = {edges},
F = {faces or plaquettes}.

To each edge e 2 E associate a qubit He = C2. The total Hilbert space Htot is defined as

Htot :=
O

e2E

He.

To define the Hamiltonian, we first introduce some local operators. To each v 2 V and
p 2 F , define

Av :=

0

@
O

e2star(v)

Xe

1

A
O

0

@
O

e2E�star(v)

Ide

1

A , Bp :=

 
O

e2@p

Ze

!
O

 
O

e2E�@p

Ide

!
,

7

Av
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Bp
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X2 = Z2 = IX = X†, Z = Z†

XZ = − ZX
The eigenvalues of X and Z are ±1

For , , define operators:v ∈ V p ∈ F

Av := ⨂
e:v∈∂e

Xe ⨂
e:v∉∂e

Ie Bp := ⨂
e:e∈∂p

Ze ⨂
e:e∉∂p

Ie

Remark: if O acts on , , then  acts on the copy  .ℂ2 e ∈ E Oe (ℂ2)e
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2 Toric Code

Toric code [14] is an exactly solvable lattice model defined on a closed surface, i.e., a surface
without boundary. It has a gapped Hamiltonian whose low energy excitations are anyons.
Although all of the anyon types in toric code are Abelian and hence are not useful for TQC,
the toric code is a beautiful theory that illustrates many concepts of topological phases.
Thus it is worth studying the model to some details. Later, we will generalize it to Kitaev’s
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Remark 2.1. The Hamiltonian model to be introduced below can be defined on lattices of
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Remark: if O acts on , , then  acts on the copy  .ℂ2 e ∈ E Oe (ℂ2)e



22

vXX

X

X p

Z

Z

Z Z

Figure 4: A L⇥ L square lattice on the torus
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Toric code [14] is an exactly solvable lattice model defined on a closed surface, i.e., a surface
without boundary. It has a gapped Hamiltonian whose low energy excitations are anyons.
Although all of the anyon types in toric code are Abelian and hence are not useful for TQC,
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i.e. the eigenspace of H with lowest eigenvalue

Vgs = {| i 2 H : Av| i = Bp| i = | i,
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★The ground state space
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2 Toric Code

Toric code [14] is an exactly solvable lattice model defined on a closed surface, i.e., a surface
without boundary. It has a gapped Hamiltonian whose low energy excitations are anyons.
Although all of the anyon types in toric code are Abelian and hence are not useful for TQC,
the toric code is a beautiful theory that illustrates many concepts of topological phases.
Thus it is worth studying the model to some details. Later, we will generalize it to Kitaev’s
quantum double model for any finite groups, where non-Abelian anyons can emerge.

Recall that the Pauli matrices are defined as follows.

X =

✓
0 1
1 0

◆
Z =

✓
1 0
0 �1

◆
Y = iXZ =

✓
0 �i
i 0

◆

Let L be a square lattice of size L ⇥ L with periodic boundaries both in the horizontal
direction and in the vertical direction. See Figure 4. Namely, we identify the two horizontal
boundaries as well the two vertical ones. In another word, L is a lattice on the torus.

Remark 2.1. The Hamiltonian model to be introduced below can be defined on lattices of
any shape on any closed surface. Here we simply choose the square lattice on the torus as
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C1 = {s : E → ℤ2}C0 = {g : V → ℤ2} C2 = {f : F → ℤ2}
δ0 δ1

            Bp |s⟩ = |s⟩, ∀p ∈ F ⟺ δ1(s) = 0

Consider  as 0-, 1-, 2-cells. Co-chain complex:V, E, F

For ,s ∈ C1
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• The dimension of . Vgs

Define  if  , and denote by  the equivalence class.s ∼ s′ s − s′ ∈ im δ0 [s]

➡ The action of the   ’s permutes elements within each .Av [s]

➡
Let . Then .| [s]⟩ := ∑

s′ ∈[s]
|s′ ⟩ Av | [s]⟩ = | [s]⟩, ∀v

Conclusion:   equals the size of  , 
independent of the lattice.

dim Vgs H1(Σ; ℤ2) := ker δ1/im δ0
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2 Toric Code

Toric code [14] is an exactly solvable lattice model defined on a closed surface, i.e., a surface
without boundary. It has a gapped Hamiltonian whose low energy excitations are anyons.
Although all of the anyon types in toric code are Abelian and hence are not useful for TQC,
the toric code is a beautiful theory that illustrates many concepts of topological phases.
Thus it is worth studying the model to some details. Later, we will generalize it to Kitaev’s
quantum double model for any finite groups, where non-Abelian anyons can emerge.

Recall that the Pauli matrices are defined as follows.

X =

✓
0 1
1 0

◆
Z =

✓
1 0
0 �1

◆
Y = iXZ =

✓
0 �i
i 0

◆

Let L be a square lattice of size L ⇥ L with periodic boundaries both in the horizontal
direction and in the vertical direction. See Figure 4. Namely, we identify the two horizontal
boundaries as well the two vertical ones. In another word, L is a lattice on the torus.

Remark 2.1. The Hamiltonian model to be introduced below can be defined on lattices of
any shape on any closed surface. Here we simply choose the square lattice on the torus as
an illustrative example.

Denote by

V = {vertices},
E = {edges},
F = {faces or plaquettes}.

To each edge e 2 E associate a qubit He = C2. The total Hilbert space Htot is defined as

Htot :=
O

e2E

He.

To define the Hamiltonian, we first introduce some local operators. To each v 2 V and
p 2 F , define

Av :=

0

@
O

e2star(v)

Xe

1

A
O

0

@
O

e2E�star(v)

Ide
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e2E�@p
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2 Toric Code

Toric code [14] is an exactly solvable lattice model defined on a closed surface, i.e., a surface
without boundary. It has a gapped Hamiltonian whose low energy excitations are anyons.
Although all of the anyon types in toric code are Abelian and hence are not useful for TQC,
the toric code is a beautiful theory that illustrates many concepts of topological phases.
Thus it is worth studying the model to some details. Later, we will generalize it to Kitaev’s
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without boundary. It has a gapped Hamiltonian whose low energy excitations are anyons.
Although all of the anyon types in toric code are Abelian and hence are not useful for TQC,
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2 Toric Code

Toric code [14] is an exactly solvable lattice model defined on a closed surface, i.e., a surface
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2 Toric Code

Toric code [14] is an exactly solvable lattice model defined on a closed surface, i.e., a surface
without boundary. It has a gapped Hamiltonian whose low energy excitations are anyons.
Although all of the anyon types in toric code are Abelian and hence are not useful for TQC,
the toric code is a beautiful theory that illustrates many concepts of topological phases.
Thus it is worth studying the model to some details. Later, we will generalize it to Kitaev’s
quantum double model for any finite groups, where non-Abelian anyons can emerge.

Recall that the Pauli matrices are defined as follows.

X =

✓
0 1
1 0

◆
Z =

✓
1 0
0 �1

◆
Y = iXZ =

✓
0 �i
i 0

◆

Let L be a square lattice of size L ⇥ L with periodic boundaries both in the horizontal
direction and in the vertical direction. See Figure 4. Namely, we identify the two horizontal
boundaries as well the two vertical ones. In another word, L is a lattice on the torus.

Remark 2.1. The Hamiltonian model to be introduced below can be defined on lattices of
any shape on any closed surface. Here we simply choose the square lattice on the torus as
an illustrative example.

Denote by

V = {vertices},
E = {edges},
F = {faces or plaquettes}.

To each edge e 2 E associate a qubit He = C2. The total Hilbert space Htot is defined as

Htot :=
O

e2E

He.

To define the Hamiltonian, we first introduce some local operators. To each v 2 V and
p 2 F , define

Av :=
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2 Toric Code

Toric code [14] is an exactly solvable lattice model defined on a closed surface, i.e., a surface
without boundary. It has a gapped Hamiltonian whose low energy excitations are anyons.
Although all of the anyon types in toric code are Abelian and hence are not useful for TQC,
the toric code is a beautiful theory that illustrates many concepts of topological phases.
Thus it is worth studying the model to some details. Later, we will generalize it to Kitaev’s
quantum double model for any finite groups, where non-Abelian anyons can emerge.

Recall that the Pauli matrices are defined as follows.

X =

✓
0 1
1 0

◆
Z =

✓
1 0
0 �1

◆
Y = iXZ =

✓
0 �i
i 0

◆

Let L be a square lattice of size L ⇥ L with periodic boundaries both in the horizontal
direction and in the vertical direction. See Figure 4. Namely, we identify the two horizontal
boundaries as well the two vertical ones. In another word, L is a lattice on the torus.

Remark 2.1. The Hamiltonian model to be introduced below can be defined on lattices of
any shape on any closed surface. Here we simply choose the square lattice on the torus as
an illustrative example.

Denote by

V = {vertices},
E = {edges},
F = {faces or plaquettes}.

To each edge e 2 E associate a qubit He = C2. The total Hilbert space Htot is defined as

Htot :=
O

e2E

He.

To define the Hamiltonian, we first introduce some local operators. To each v 2 V and
p 2 F , define

Av :=
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2 Toric Code

Toric code [14] is an exactly solvable lattice model defined on a closed surface, i.e., a surface
without boundary. It has a gapped Hamiltonian whose low energy excitations are anyons.
Although all of the anyon types in toric code are Abelian and hence are not useful for TQC,
the toric code is a beautiful theory that illustrates many concepts of topological phases.
Thus it is worth studying the model to some details. Later, we will generalize it to Kitaev’s
quantum double model for any finite groups, where non-Abelian anyons can emerge.

Recall that the Pauli matrices are defined as follows.

X =

✓
0 1
1 0

◆
Z =

✓
1 0
0 �1

◆
Y = iXZ =

✓
0 �i
i 0

◆

Let L be a square lattice of size L ⇥ L with periodic boundaries both in the horizontal
direction and in the vertical direction. See Figure 4. Namely, we identify the two horizontal
boundaries as well the two vertical ones. In another word, L is a lattice on the torus.

Remark 2.1. The Hamiltonian model to be introduced below can be defined on lattices of
any shape on any closed surface. Here we simply choose the square lattice on the torus as
an illustrative example.

Denote by

V = {vertices},
E = {edges},
F = {faces or plaquettes}.

To each edge e 2 E associate a qubit He = C2. The total Hilbert space Htot is defined as

Htot :=
O

e2E

He.

To define the Hamiltonian, we first introduce some local operators. To each v 2 V and
p 2 F , define

Av :=

0

@
O

e2star(v)

Xe

1
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2 Toric Code

Toric code [14] is an exactly solvable lattice model defined on a closed surface, i.e., a surface
without boundary. It has a gapped Hamiltonian whose low energy excitations are anyons.
Although all of the anyon types in toric code are Abelian and hence are not useful for TQC,
the toric code is a beautiful theory that illustrates many concepts of topological phases.
Thus it is worth studying the model to some details. Later, we will generalize it to Kitaev’s
quantum double model for any finite groups, where non-Abelian anyons can emerge.

Recall that the Pauli matrices are defined as follows.

X =

✓
0 1
1 0

◆
Z =

✓
1 0
0 �1

◆
Y = iXZ =

✓
0 �i
i 0

◆

Let L be a square lattice of size L ⇥ L with periodic boundaries both in the horizontal
direction and in the vertical direction. See Figure 4. Namely, we identify the two horizontal
boundaries as well the two vertical ones. In another word, L is a lattice on the torus.

Remark 2.1. The Hamiltonian model to be introduced below can be defined on lattices of
any shape on any closed surface. Here we simply choose the square lattice on the torus as
an illustrative example.

Denote by

V = {vertices},
E = {edges},
F = {faces or plaquettes}.

To each edge e 2 E associate a qubit He = C2. The total Hilbert space Htot is defined as

Htot :=
O

e2E

He.

To define the Hamiltonian, we first introduce some local operators. To each v 2 V and
p 2 F , define

Av :=

0

@
O

e2star(v)

Xe

1

A
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0

@
O

e2E�star(v)

Ide

1

A , Bp :=

 
O

e2@p

Ze

!
O

 
O

e2E�@p

Ide

!
,

7

Av
<latexit sha1_base64="c+KAVgK8zHWNV1FJRpu8rvPD75g=">AAAB6nicbZC7SgNBFIbPeo3xlmglaQaDYBV2Y6GFRcTGMkFzgWQJs5PZZMjszDIzGwhLHsHGQhFbn8fCTp/GyaXQxB8GPv7/HOacE8ScaeO6X87a+sbm1nZmJ7u7t39wmMsfNbRMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4e00b46o0kyKBzOOqR/hvmAhI9hY6/6mO+rmim7JnQmtgreAYiXfKXzXTj6q3dxnpydJElFhCMdatz03Nn6KlWGE00m2k2gaYzLEfdq2KHBEtZ/ORp2gM+v0UCiVfcKgmfu7I8WR1uMosJURNgO9nE3N/7J2YsIrP2UiTgwVZP5RmHBkJJrujXpMUWL42AImitlZERlghYmx18naI3jLK69Co1zyLkrlmlesXMNcGSjAKZyDB5dQgTuoQh0I9OERnuHF4c6T8+q8zUvXnEXPMfyR8/4D80CQgw==</latexit>

Bp
<latexit sha1_base64="88nv/qxV7x+1ojaDiDvKNmuO3M0=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuLLSwCApiI0RiLpAsYXZyNhkyO7vMzAoh5BFsLBSx9YnsfApfwcml0MQfBj7+/xzmnBMkgmvjul9OZmV1bX0ju5nb2t7Z3cvvH9R1nCqGNRaLWDUDqlFwiTXDjcBmopBGgcBGMLie5I1HVJrH8sEME/Qj2pM85Iwaa1WvOkknX3CL7lRkGbw5FMrkrvo98G8qnfxnuxuzNEJpmKBatzw3Mf6IKsOZwHGunWpMKBvQHrYsShqh9kfTUcfkxDpdEsbKPmnI1P3dMaKR1sMosJURNX29mE3M/7JWasILf8RlkhqUbPZRmApiYjLZm3S5QmbE0AJlittZCetTRZmx18nZI3iLKy9DvVT0zoqle69QvoSZsnAEx3AKHpxDGW6hAjVg0IMneIFXRzjPzpvzPivNOPOeQ/gj5+MHHAKQoQ==</latexit>

Z

XZ Z Z Zv0 v1

quasi-
particle

•  is excited state with eigenvalue/
energy 4 more than that of the ground 
states; 

• It represents a pair of quasi-particles at 
. 

|L⟩

v0, v1

Similarly, if T is a string in the dual lattice, 

XT := ⊗e∗∈T Xe

 is an excited state representing a 
pair of quasi-particles at the ends of T. 
XT |Ω⟩



28

|Ω⟩ ∈ Vgs

Braiding:

Z

X



28

|Ω⟩ ∈ Vgs

Braiding:

Z

X L

quasi-
particle



28

|Ω⟩ ∈ Vgs

Braiding:

Z

X L

quasi-
particle



28

|Ω⟩ ∈ Vgs

Braiding:

Z

X L

quasi-
particle

• Quasi-particles can move without cause energy.



28

| iin =
<latexit sha1_base64="KjPwXBk8ry+Og0mx2RqPUIqPwYA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JUQTdC0Y3LCvYBTQiT6U07dDIJMxOh1uKvuHGhiFv/w51/47TNQlsPXDiccy/33hOmnCntON9WYWl5ZXWtuF7a2Nza3rF395oqySSFBk14ItshUcCZgIZmmkM7lUDikEMrHFxP/NY9SMUScaeHKfgx6QkWMUq0kQL74NFLFfMkET0OwYiJMb7EgV12Ks4UeJG4OSmjHPXA/vK6Cc1iEJpyolTHdVLtj4jUjHIYl7xMQUrogPSgY6ggMSh/NL1+jI+N0sVRIk0Jjafq74kRiZUaxqHpjInuq3lvIv7ndTIdXfjmpTTTIOhsUZRxrBM8iQJ3mQSq+dAQQiUzt2LaJ5JQbQIrmRDc+ZcXSbNacU8r1duzcu0qj6OIDtEROkEuOkc1dIPqqIEoekDP6BW9WU/Wi/VufcxaC1Y+s4/+wPr8AUxjlRs=</latexit>

|⌦i
<latexit sha1_base64="OSrQ08b8i63m7Zd2lAiL0N9HGuQ=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxZsV7Ad015JNZ7ehSXZJskqp/R9ePCji1f/izX9j2u5BWx8MPN6bYWZemHKmjet+O0vLK6tr64WN4ubW9s5uaW+/qZNMUWjQhCeqHRINnEloGGY4tFMFRIQcWuHgauK3HkBplsg7M0whECSWLGKUGCvdP/k3AmLiKyJjDt1S2a24U+BF4uWkjHLUu6Uvv5fQTIA0lBOtO56bmmBElGGUw7joZxpSQgckho6lkgjQwWh69RgfW6WHo0TZkgZP1d8TIyK0HorQdgpi+nrem4j/eZ3MRBfBiMk0MyDpbFGUcWwSPIkA95gCavjQEkIVs7di2ieKUGODKtoQvPmXF0mzWvFOK9Xbs3LtMo+jgA7RETpBHjpHNXSN6qiBKFLoGb2iN+fReXHenY9Z65KTzxygP3A+fwCt3pKg</latexit>

ZL
<latexit sha1_base64="DCwlXD44JeCuCezTlVaV5R+NBUk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxsIiovnA5Ah7m0myZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXhALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HrqN59QaR7JBzOO0Q/pQPI+Z9RY6f6xe9stltyyOwNZJl5GSpCh1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dnTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+imXcWJQsvmifiKIicj0b9LjCpkRY0soU9zeStiQKsqMTadgQ/AWX14mjUrZOytX7s5L1assjjwcwTGcggcXUIUbqEEdGAzgGV7hzRHOi/PufMxbc042cwh/4Hz+AAg2jaE=</latexit>

XT
<latexit sha1_base64="2TCtdi/jAVNf0oHxjiToK4By4t0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFiv6ANZbOdtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZn77CZXmsWyYSYJ+RIeSh5xRY6XHTr/RL5XdijsHWSVeTsqQo94vffUGMUsjlIYJqnXXcxPjZ1QZzgROi71UY0LZmA6xa6mkEWo/m586JedWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsekUbQje8surpFWteJeV6sNVuXabx1GAUziDC/DgGmpwD3VoAoMhPMMrvDnCeXHenY9F65qTz5zAHzifPxFKjac=</latexit>

|Ω⟩ ∈ Vgs

Braiding:

Z

X L

T

quasi-
particle

• Quasi-particles can move without cause energy.



28

| iin =
<latexit sha1_base64="KjPwXBk8ry+Og0mx2RqPUIqPwYA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JUQTdC0Y3LCvYBTQiT6U07dDIJMxOh1uKvuHGhiFv/w51/47TNQlsPXDiccy/33hOmnCntON9WYWl5ZXWtuF7a2Nza3rF395oqySSFBk14ItshUcCZgIZmmkM7lUDikEMrHFxP/NY9SMUScaeHKfgx6QkWMUq0kQL74NFLFfMkET0OwYiJMb7EgV12Ks4UeJG4OSmjHPXA/vK6Cc1iEJpyolTHdVLtj4jUjHIYl7xMQUrogPSgY6ggMSh/NL1+jI+N0sVRIk0Jjafq74kRiZUaxqHpjInuq3lvIv7ndTIdXfjmpTTTIOhsUZRxrBM8iQJ3mQSq+dAQQiUzt2LaJ5JQbQIrmRDc+ZcXSbNacU8r1duzcu0qj6OIDtEROkEuOkc1dIPqqIEoekDP6BW9WU/Wi/VufcxaC1Y+s4/+wPr8AUxjlRs=</latexit>

|⌦i
<latexit sha1_base64="OSrQ08b8i63m7Zd2lAiL0N9HGuQ=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxZsV7Ad015JNZ7ehSXZJskqp/R9ePCji1f/izX9j2u5BWx8MPN6bYWZemHKmjet+O0vLK6tr64WN4ubW9s5uaW+/qZNMUWjQhCeqHRINnEloGGY4tFMFRIQcWuHgauK3HkBplsg7M0whECSWLGKUGCvdP/k3AmLiKyJjDt1S2a24U+BF4uWkjHLUu6Uvv5fQTIA0lBOtO56bmmBElGGUw7joZxpSQgckho6lkgjQwWh69RgfW6WHo0TZkgZP1d8TIyK0HorQdgpi+nrem4j/eZ3MRBfBiMk0MyDpbFGUcWwSPIkA95gCavjQEkIVs7di2ieKUGODKtoQvPmXF0mzWvFOK9Xbs3LtMo+jgA7RETpBHjpHNXSN6qiBKFLoGb2iN+fReXHenY9Z65KTzxygP3A+fwCt3pKg</latexit>

ZL
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| ifi = ZRXTZL|⌦i
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= �XTZL|⌦i
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<latexit sha1_base64="p0T/HMMVnWYdSspbHohHUdAi56E="></latexit>

|Ω⟩ ∈ Vgs

Braiding:

Z

X L

T

quasi-
particle

R

• Quasi-particles can move without cause energy.
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|Ω⟩ ∈ Vgs

Braiding:

Z

X L

T

quasi-
particle

• Quasi-particles can move without cause energy.

• Braiding induces change of states invariant under isotopy.
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Two      fuse to vacuum;

Two     fuse to vacuum;

     and      fuse to          .

Fusion:
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Fusion:



Fix a finite group G = {g1, g2, ⋯, gd} ℂ[G] = span{ |g1⟩, |g2⟩, ⋯, |gd⟩}

30

Kitaev quantum double model generalizing toric code

Total Hilbert/state space ℋ = ⊗e∈E (ℂ[G])e

A standard basis of  consists of
, for each 
ℋ

|s⟩ := ⊗e∈E |s(e)⟩ s : E → G
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30

Kitaev quantum double model generalizing toric code

Total Hilbert/state space ℋ = ⊗e∈E (ℂ[G])e

A standard basis of  consists of
, for each 
ℋ

|s⟩ := ⊗e∈E |s(e)⟩ s : E → G

g1

g2

g3

g4

v
gg1

gg2

gg3

gg4

v
1
d ∑

g∈G

Av =

g1

g2

g3

g4

g1
g2

g3
g4

= δg1g2g3g4, idBp p

H = �
P
v2V

Av �
P
p2F

Bp
<latexit sha1_base64="xkkH7/Y6tWUHAq1H8/VxCtkKdMk="></latexit>

Define the Hamiltonian 



The types of quasi-particle excitations are characterized by (C, χ)
: a conjugacy class in

: an irreducible representation of the centralizer of an element in

C G
χ C

Irreducible representations of the quantum double of G
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The types of quasi-particle excitations are characterized by (C, χ)
: a conjugacy class in

: an irreducible representation of the centralizer of an element in

C G
χ C

Irreducible representations of the quantum double of G

C centralizer � quasi-particle

{(1)} S3

[+] A

[�] B

[2] C

{(12), (23), (13)} Z/2Z [1] D

[�1] E

{(123), (132)} Z/3Z
[1] F

[!3] G

[!̄3] H

Eight quasi-particle types

Example: permutation group S3 = {(1), (12), (23), (13), (123), (132)}
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UNIVERSAL QUANTUM COMPUTATION WITH WEAKLY INTEGRAL ANYONS5

Table 2. Fusion rules of D(S3)

⊗ A B C D E F G H
A A B C D E F G H
B B A C E D F G H
C C C A⊕ B ⊕ C D ⊕E D ⊕ E G⊕H F ⊕H F ⊕G

D D E D ⊕E
A⊕ C ⊕ F B ⊕ C ⊕ F

D ⊕ E D ⊕ E D ⊕ E⊕G⊕H ⊕G⊕H

E E D D ⊕E
B ⊕ C ⊕ F A⊕ C ⊕ F

D ⊕ E D ⊕ E D ⊕ E⊕G⊕H ⊕G⊕H
F F F G⊕H D ⊕E D ⊕ E A⊕ B ⊕ F H ⊕ C G⊕ C
G G G F ⊕H D ⊕E D ⊕ E H ⊕ C A⊕ B ⊕G F ⊕ C
H H H F ⊕G D ⊕E D ⊕ E G⊕ C F ⊕ C A⊕ B ⊕H

The modular representation of SL(2,Z) is given by:

T = diag(1, 1, 1,−1, 1, 1,ω,ω2).

S =
1

6





1 1 2 3 3 2 2 2
1 1 2 −3 −3 2 2 2
2 2 4 0 0 −2 −2 −2
3 −3 0 3 −3 0 0 0
3 −3 0 −3 3 0 0 0
2 2 −2 0 0 4 −2 −2
2 2 −2 0 0 −2 −2 4
2 2 −2 0 0 −2 4 −2





2.2. Fusion tree basis. An anyon c can split into a pair of anyons
(a, b) if the triple (a, b, c) is admissible [21]. We denote this process by

!
!!

"
""
a b

c

The anyon a can continue to split into another pair of anyons. Con-
sider the following splitting tree:

!
!
!
!!

"
"

"
""

!
!!

a b c

m

d

There is a Hilbert space V abc
d for the 4 anyons a, b, c, d, where the

labeled splitting trees with choices of anyon m that make the splitting
tree admissible at each trivalent vertex form a basis of V a,b,c

d . We

Fusion of quasi-particles
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



2.2. Fusion tree basis. An anyon c can split into a pair of anyons
(a, b) if the triple (a, b, c) is admissible [21]. We denote this process by

!
!!

"
""
a b

c

The anyon a can continue to split into another pair of anyons. Con-
sider the following splitting tree:

!
!
!
!!

"
"

"
""

!
!!

a b c

m

d

There is a Hilbert space V abc
d for the 4 anyons a, b, c, d, where the

labeled splitting trees with choices of anyon m that make the splitting
tree admissible at each trivalent vertex form a basis of V a,b,c

d . We

Fusion of quasi-particles

The fusion of two quasi-particles is a superposition of types;
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
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2.2. Fusion tree basis. An anyon c can split into a pair of anyons
(a, b) if the triple (a, b, c) is admissible [21]. We denote this process by

!
!!

"
""
a b

c

The anyon a can continue to split into another pair of anyons. Con-
sider the following splitting tree:

!
!
!
!!

"
"

"
""

!
!!

a b c

m

d

There is a Hilbert space V abc
d for the 4 anyons a, b, c, d, where the

labeled splitting trees with choices of anyon m that make the splitting
tree admissible at each trivalent vertex form a basis of V a,b,c

d . We

Fusion of quasi-particles

The fusion of two quasi-particles is a superposition of types;

The state space of quasi-particles is degenerate even in the plane;

GSD > 1
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2.2. Fusion tree basis. An anyon c can split into a pair of anyons
(a, b) if the triple (a, b, c) is admissible [21]. We denote this process by

!
!!

"
""
a b

c

The anyon a can continue to split into another pair of anyons. Con-
sider the following splitting tree:

!
!
!
!!

"
"

"
""

!
!!

a b c

m

d

There is a Hilbert space V abc
d for the 4 anyons a, b, c, d, where the

labeled splitting trees with choices of anyon m that make the splitting
tree admissible at each trivalent vertex form a basis of V a,b,c

d . We

Fusion of quasi-particles

The fusion of two quasi-particles is a superposition of types;

The state space of quasi-particles is degenerate even in the plane;

Non-Abelian Aharonov–Bohm effect.

GSD > 1 Unitary transformation

≠
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